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Abstract: Gamma function is one of the important special functions occurring in many branches of mathematical physics
and is investigated in detail in a number of literatures in recent years. The main object of this paper is to present a systematic
study of a unification and generalization of the gamma-type functions, which is defined here by means of the confluent
hypergeometric Mittage- Leffler function. Motivated essentially by the sources of the applications of the Mittage-Leffler
functions in many areas of science and engineering, the author present in a unified manner. During the last two decades
Mittage — Leffler function has come into prominence after about nine decades of its discovery by a Swedish Mathematician
Mittage-Leffler, due to the vast potential of this applications in solving the problems of physical, biological, engineering, and
earth sciences. In this article we investigated a probability density function associated with the generalized gamma-type
function, together with several other related results in the theory of probability and statistics, are also considered.

Keywords: Special Function, Gamma and Incomplete Gamma Functions,
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1. Introduction

In this article we create a novel link between generalized  Mittage-Lefller functions of one, two, three and four
gamma-type function and the confluent hypergeometric  parameters in the form in the form.

5 (A, a,b;c,d;a,B;v,9;

1 (O Ly 5 t
o p.k): = v [ e M (—pt)3R2(4, @, by ¢ ds k — S, (1)

where ng’f (2) is the confluent hypergeometric Mittage- Musallum, Kalla [4, 5] and Virchenko et al. [6, 7].
Leffler function and a new probability density function

involving generalized gamma function associated with the 2, Generalized Gamma Function
function SRf (2) =3R5(A,a,b;c,d;k;z) which has been defined
and studied by Saxena, Ram and Naresh [1]. This

generalization provides unification and extension of the
various generalization given earlier by Kobayashi [2, 3], Al-

The present paper deals with a generalization of the
gamma-type  function associated with  Confluent
Hypergeometric Mittage-Leffler Function in the form.
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where
0,|argv| < m.

The Mittage-Leffler function has earned the title of
“Queen function of fractional calculus” for the fundamental
role it plays within this subject. Certainly, this function is
used to study of fractional integrals and derivatives; see, for
example, Ghanim and Al-Janaby [8, 9], Ghanim et al. [10],
Oros [11, 12], Haubold et al. [13], Paneva-Konovska [14],
Mainardi and Gorenflo [15], Mathi and Haubold [16],
Srivastava [17, 18], and Srivastava et al [19]. In 1903,
Magnus Gustaf (gosta) Mittage-Leffler (1846-1927) [20]
(also see Mittage-Leffler [21]), a Swedish mathematician,
invented and studied the well-known Mittage-Leffler
function E,(z) given by

Aa,B,y,6 € C,Re(u) > 0,Re(p) >0,k >

Eo(z) = 20—

I'(an+1)

(zeC R(@) >0). (3)

Wiman [22] and References [23] then proposed a
generalization E,(z) of E, ., (z) provide by

Eay(@) = Enzornry; R(@) >0y >0). (4)
As a result, the function of Mittage-Leffler

Ey(z) and E,,(2) in (3) and (4), respectively, have been
studied and expended in variety of different ways and
applications. The implementation in the physical model has
succeeded in recent decades, the generalized Mittage-Leffler
functions were also used in mathematical and physical issues,
as the solutions of the fractional integral and differential
equations were naturally presented. Ref. [24, 25] are two
studies which have utilized the function (3) with parameters
a and y in more general functions linked to one or more
parameters.

o 8)z"
E2y(2) = Tiomgy s, (R(@) > 0;0,%,6 > © (5)

8) T'(an+y) n!’

(Ahab;c,d;a By, 6
S ( u,v

B.S RN r(Bn+é8) z™ .

Eg) (2) = Xn-o @) Tanty) n? R(a) > 0;a,y,6 > C) (6)

The confluent hypergeometric Mittage-Leffler function

Mf_‘f (2) is given by E. Ghanim, Hiba F. Al-Janaby, Omar
Bazighifan [26] in the form.

B.& _ v TIMrBn+é)z"

Mg, (2) = e

"=07(6) r(antyy @) > 0y, f,6>C) (7)

The following are some special instances of the confluent
hypergeometric Mittage-Leffler function M ff (2):

eZ-1

0, 1,1 1 1,1
MOJ}/I(Z) = ezl M0,1 (Z) = EIMLZ (Z) = z s

My1(z?) = cohz, My (—2%) = cosz, M} (2) = M(8;v; 2),

Mi1(@) = Eo(2) = S0 tromsy

where « is a positive integer, such that as n, then:

Mﬁ@)=ﬂn@%ﬁﬂ wﬁwﬂi)

n '’ n nn
In addition
Hi(x,n) = x"7 M7 (x™), Ti(x,n) = x My (—x™).
H; and T; are generalized hyperbolic and trigonometric

functions, respectively [27].

3. Special Cases of Generalized Gamma
Function

Generalized gamma -type function is of the form.

) v — A [P pu-1pyB0 . . t
p.k): = v [ e M (—pt)3R2(4, @, by ¢, d; k — S, (8)

Case (i) For a = 8 = 0andy = § the confluent hypergeometric Mittage-Leffler function reduces to an exponential
function e P and equation (8) reduces to the following result given earlier by Chena Ram, Naresh [30].

«(Lab;c,d;00;7,y;
S ( u,v

where Re(u) > 0,Re(p) > 0,k > 0, |argv| < m.

v — A (P u-1,- . . t
p.k): = v [7t4 e P 3R2(A, @, b ¢, d; k — dt, ©)

Case (ii) For a = B = 0,y = &§ and b=d, (8) reduces to the generalized gamma function discussed by Virchenko et al. [6].

« (A ab;c,b;0,0;7,y;
S ( u,v

where Re(u) > 0, Re(p) > 0.

= [ -1 - [P, t
p,k),_v Jy t“re P 2R1(A, a; ¢k — S,

(10)

Case (iii) For a = B = 1 and b=d, equation (8) yields the following generalized gamma function studied by Saxena,

Chena Ram, Naresh and Kalla [29].

«(Aab;c,b;1,1y,6;
§ ( u,v

where Re(u) > 0,Re(p) > 0.

D, k) p= v [ 110y, 6 —pt) 2RI, @ ¢ k — St

(11)

Case (iv) Forb=d,k=1,a = =0and y = §, (8) reduces to the generalized gamma function studied by Al-Musallam
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and Kalla [4, 5].

D (/L a; c;

v — A [P ru—1,-pt A
o p). v fot e P2F1(A, a;c; V)dt, (12)

where Re(u) > 0,Re(p) > 0, |argv| < m. -

Case (v) Ifweseta=c,b=d,p=k=1la=8=0,y = [(m):= [, t* ‘e Ptdt, (14)
dandA = m € N,, equation (8) reduces to the generalized
gamma function studied by Kobayashi [2, 3]. where Re(u) > 0.

_— Theorem 1. S" is analytic in the domain Q XQ
oo tU~1e~
I (u,v): = fo ﬁdt' (13) The proof is similar to the corresponding theorem for the
generalized gamma function given by Saxena and Kalla
For m=0, (13) becomes the well-known gamma ([28], pp. 191-192), if we employ the Asymptotics estimate

function. [Al-Musallam and Kalla (4)].

b a b

Ry (Mabie,dikiz)= 4z + Az F 4 4z 4040 F )40 ), (15)

which holds for large Z, |arg(-z)| < . Here 4, 4,, 4, are numerical constants.

Lemma 1. The partial derivatives of " are:

amn . _ 0 . _ 5 —t
28t = v7A [T M (—pt) (log "3R2 (4, @, b ¢, d3 k; 7) dt, (16)
and
M oy «(A+nab;cd;apB;y,6;
St = (1" @S ( e p.k). )
The proof of (16) and (17) is trivial.
Lemma 2. Let A, a,B,y,6,a,b,c,d,p € Cwithc,d # 0,—1,—2,---; k> 0 and Re(p) > 0, then following relation is valid:
. (Lab;cd;a By, 6; _ps *(l.a.b;ad;a,/?;y+ 1,6+ 1; )
$ ( u,v p'k)_uys u+1,v Pk
Ar(r(d)r(a+k)rb+k) 5 (/1 +1l,a+kb+k;c+kd+kalpByd; k) 18
ur(@r®)r(c+k)r(d+k) u+1l,v px): (18)
Proof. If we use [7], equation (3.23)] for di[3R£‘ (z)] and integrate by parts, then (8) reduces to (18).
zZ
4. The Generalized Incomplete Gamma Functions
For x, k> 0, we introduce the generalized incomplete gamma function in the form.
x(habcd;apB;y,b; - —1,4B.5 t
SO"( Wy By p,k): =v Af(f t® 1Mg_y (—pt)3R2(A4,a,b;c,d; k —-)dt, (19)
where x, k> 0, Re(u) > 0, Re(p) > 0, and |arg v| <.
The generalized complementary incomplete gamma function is defined.
v (La,b;c,d;a, By, 6; “A (P u—1pyB t
si( LaBiV0i k)= vt [ M (p)3R2(, 0, by, e — D, (20)
where x, k> 0, Re(u) > 0, Re(p) > 0, |arg v| <.
Thus, the definitions (19) and (20) yield.
«(babic,d;a, By, 8; _ ex(babicd;a By, 6; o (Aab;c,d;a By, 6
s*( o p.k) =57 o p.k)+55%( o pk), Q1)

Special cases:

Case (i) For a = f = 1 and b=d equations (19) and (20) reduce to the results given by Saxena, Chena Ram, Naresh and
Kalla [29].

Case (ii) Fora = f =0,y = § and b = d,(19) and (20) reduce to the generalized incomplete gamma functions developed
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by Virchenko et al. ([7], p. 98).

Case (iii) Further for » = d,a = =0,y =6andk =1, (19) and (20) reduce to the incomplete gamma functions
introduced by Al-Musallam and Kalla [4].

Case (iv) Fora = f = 0 and y = §, (19) and (20) reduce to the results given by Chena Ram and Naresh [30].

Remark. If weseta=c,b=d,a = =0,y =6 and p = k = 1in (19) and (20) and A—0, then we find that

Aa,b;a,b;0,0;y,

Lt S*g( u,v

A-0

y;]_,l) =y(u,x) = fox tu=le~tde, (22)

where y(u, x) is the incomplete gamma function of the first kind, and

(/1, a,b;a, b;0,0,v,

Lt $*7 o

Y, _ — (% ju-1,-t
Lt 1,1)_r(u,x)_ 2t tetdt, 23)

where I'(u, x) is the complementary incomplete gamma function of the second kind.

5. Probability Density Functions

Let m and & represents the shape parameters. Further, let ¢ and p denote the scale parameters. Then by taking t =
ox%anddt = o & x° ~'dx, with p = § (p>0;0>0),
m+ &

u=— (m+ &£>0),andv=n(n>0)

Then (8) transform into the form.
m+é o 8,8 oxt
fo ¢ fo xm+f‘1Ma"y (—px*)3R2 (/1, a,b;c,d;k — T) dx =

Aabie,d;a By, 6
n’lS*< 1+?,n ;,k) (min{p,o,m + &} > 0) (24)

By virtue of integral formula (24), a class of probability density functions associated with the ™ -function can be defined by

m+& £
fo ¢ xm+f—1Mg,’;,s(—pr) 3R2<A,a,b;c,d;k—%>

f(x):= # nls*(l,a.b;lciir:na.ﬁ;y.cf: £,k> (x > 0), (25)
?,Tl a
k 0, elsewhere

provided that the various parameters and variable x occurring in equation (25) are so constrained that the density function is
always non-negative. It is evident that

IZ fodx = 1. (26)
We note that the behaviour of f(x) at zero depends on m + ¢.
1 Aa,b;c,d;a,B;y,5; -
f(0) = §otn2 {S< m §,k>} (m+§) =1 27)
f )

f(0) =0 (m+¢)>0

f(x) > wasx -0+ whenm+ ¢ <1, (28)
limf(x) = 0 (¢ >0), (29)

It can be seen that
f1e) = (B pexft - Z a1 ) £, (30)

Where, for convenience,
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_Aar(r(adyr(a+k)r(b+k)

(1)(E
3R2( A+1,a+kb+kc+k,d+kiki— 20

T r(@r®)rct+k) r(d+k)

(€2))

3
3R2</1,a,b;c,d;k;—%>

the formula (30) can be derived, if we differentiate both the sides of equation (25) with respect to x logarithmically and apply

the following formula.

d ox$
—A33R2( A, a;b;c,d;k—— | =-
dx n

3
x3R2(A+ La+kb+kc+kd+ki— =)

Special Results:

For a = f = 1 and b=d, the results of this section reduce to
the results given by Saxena, Chena Ram, Naresh and Kalla [29].

Fora = f = 0 and y = 6, the results of the above section
reduce to the results given by Chena Ram and Naresh [30].

Fora = B = 0,y = 6 and b=d, the results of this section
reduce to the generalized gamma function discussed by
Virchenko et al. [6].

6. Some Statistical Functions
In this section, several basic statistical functions associated

with the probability density function f(x) defined by

#7% =g iS* 1+ m;—r

r Alaﬁb;cld;alﬁ;‘}/lé‘;
(e

GEAT () ()T (a + k)T (b + k)
n T(@T ) (c+k)Id+k)

SHES]

&1

(32)
equation (25), will be evaluated.
6.1. The r" Moment

The 7" moment ,Ui about the origin of a continuous real

random variable X with the probability density function f(x)
is given by

)

fo=[xf(x)ax =E[X](xEN), (33)
which on using equation (24) and definition (25) gives
ALabicdafiy,s  \)
.k){S ( N ;,k>} (34)

In particular, for r=1, the expected value of the random variable X (also referred to as the mean or the first moment of X) is

obtained as

E(x) = ffcooxf(x) dx =0 §S5*

m+1

3

6.2. The Moment Generating Function

1 /Aab;c,d;a B;v,6;
( 1+4—,n

) ALabiedapy, s  \)
;'k>{5( 1+%,n p")} 33)

The moment generating function M (t; §) of a continuous random variable X having the probability density function f (x)

is defined by

[ee]

M(t; ) = E[e™]:= [ e™ f(x)dx=

m
T+l
g0t [t MBS (-pt)3R2(abic dik—S)dt,
Aab;c,d;a,B;y,6;
n15*< m E,k>
1+—+=n o’

¢

(36)

which itself is a generalization of a result given by Saxena, Chena Ram, Naresh and Kalla [29].
Fora = f = 0 and y = §, the results of the above section reduce to the results given by Chena Ram and Naresh [30].
Ifweseta = =0,y =6 and b = d and k=1 (27) reduces to the moment generating function studied by Kalla et al. [31].

6.3. The Hazard Rate Function

For a continuous random variable X having the probability density function f(x), the cumulative distribution function F(t) is

given by

F(t): = [*_ f(x)dx =:Prob{X € (—oo,1)},

that is, by

(37
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SRS

Aab;c,d;a B;y,5; Aab;c,d;a,B;y,8 -
§.k) {s( k)} , (38)

__ Cx0 tf .
F(t) =% ( Z+1,n Z+1,n ’
¢ 3
where we have used the definition (19) and (25). Thus by virtue of the relationship (21), the hazard (or failure) rate function
h(t) is given by

f@® m

h(t) = =éo

7 3
- - 1) ox
T1-F@) = A My (—pxf) sk, (/1, a,b;c,d; k — T) X

1

w [(Mabicd;a By, 6; -
{S*Ug( 1 +%v D, k)} (t>0), (39

in terms of the complementary incomplete S*-function defined by equation (20).
In passing, we remark that the above derivations would also give the survival (or reliability) functions.

- . (habicdafys;, Aabic,da By, s

S(t) :=1—F(t)=ft f(x)dx=S*Ut;< 14™ 5 ;,k){s*( mi1n ; ;,k)} (t > 0) (40)
¢’ ¢ ’

6.4. The Mean Residual Life (or Remaining Life Expectancy) Function

For a continuous random variable X, the mean residual life (or remaining life expectancy) function K(t) is given by

K@):=E[X —t|X >t] = %f:"(x —f(x) dx, @a1)
= % U x f(x) dx —t, (42)

since S (t) denotes the survivor (or reliability) function denoted by equation (40).
By virtue of the definition (25), if we use the substitution z = o x¢and
dz = ¢ & x%"'dx, the equation (42)

Aa,b;c,d;a,B;v,6; Aa,b;c,d;a,B;y,6 -1
o0 1 y W U, LU, ) ,y:
— . EC*XP P * . P
ft X f(x) dx=c"%S Utf( (H_m)’n ;,k) {S ( 41n ; ;.k)} (43)
3 3
so that
1 Adab;c,d;a,B;y,5; Adab;c,d;a,p -1
K1) 5250, . 2 s (7w L — (44)
ot (—) N o —+1,n o
3 3
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