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Abstract: Gamma function is one of the important special functions occurring in many branches of mathematical physics 
and is investigated in detail in a number of literatures in recent years. The main object of this paper is to present a systematic 
study of a unification and generalization of the gamma-type functions, which is defined here by means of the confluent 
hypergeometric Mittage- Leffler function. Motivated essentially by the sources of the applications of the Mittage-Leffler 
functions in many areas of science and engineering, the author present in a unified manner. During the last two decades 
Mittage – Leffler function has come into prominence after about nine decades of its discovery by a Swedish Mathematician 
Mittage-Leffler, due to the vast potential of this applications in solving the problems of physical, biological, engineering, and 
earth sciences. In this article we investigated a probability density function associated with the generalized gamma-type 
function, together with several other related results in the theory of probability and statistics, are also considered. 
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1. Introduction 

In this article we create a novel link between generalized 
gamma-type function and the confluent hypergeometric 

Mittage-Lefller functions of one, two, three and four 
parameters in the form in the form. 
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where ��,�
�, !+#  is the confluent hypergeometric Mittage-

Leffler function and a new probability density function 
involving generalized gamma function associated with the 

function 3 2 ( )kR z =3R2(λ,a,b;c,d;k;z) which has been defined 

and studied by Saxena, Ram and Naresh [1]. This 
generalization provides unification and extension of the 
various generalization given earlier by Kobayashi [2, 3], Al-

Musallum, Kalla [4, 5] and Virchenko et al. [6, 7]. 

2. Generalized Gamma Function 

The present paper deals with a generalization of the 
gamma–type function associated with Confluent 
Hypergeometric Mittage-Leffler Function in the form. 
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where �, �, �, 
, � ∈ ℂ, ./!�# > 0, ./!�# > 0, � >0, |�345| < 7. 
The Mittage-Leffler function has earned the title of 

“Queen function of fractional calculus” for the fundamental 
role it plays within this subject. Certainly, this function is 
used to study of fractional integrals and derivatives; see, for 
example, Ghanim and Al-Janaby [8, 9], Ghanim et al. [10], 
Oros [11, 12], Haubold et al. [13], Paneva-Konovska [14], 
Mainardi and Gorenflo [15], Mathi and Haubold [16], 
Srivastava [17, 18], and Srivastava et al [19]. In 1903, 
Magnus Gustaf (gösta) Mittage-Leffler (1846-1927) [20] 
(also see Mittage-Leffler [21]), a Swedish mathematician, 
invented and studied the well-known Mittage-Leffler 
function 9�!+# given by 

9�!+# = ∑ ;<=!�>?�#)>@* 	!+ ∈ ℂ; 	ℜ!�# > 0#.      (3) 

Wiman [22] and References [23] then proposed a 
generalization 9�!+# of 9�,�!+# provide by 

9�,�!+# = ∑ ;<=!�>?�#)>@* 	!ℜ!�# > 0; �, 
 > ℂ#.   (4) 

As a result, the function of Mittage-Leffler 9�!+#	and 	9�,�!+#  in (3) and (4), respectively, have been 
studied and expended in variety of different ways and 
applications. The implementation in the physical model has 
succeeded in recent decades, the generalized Mittage-Leffler 
functions were also used in mathematical and physical issues, 
as the solutions of the fractional integral and differential 
equations were naturally presented. Ref. [24, 25] are two 
studies which have utilized the function (3) with parameters �  and 
  in more general functions linked to one or more 
parameters. 

9�,� !+# = ∑ =!>? #	;<=! #	=!�>?�#	>!)>@* , !ℜ!�# > 0; �, 
, � > ℂ# (5) 

9�,��, !+# = ∑ =!�>? #	;<=! #	=!�>?�#	>!)>@* , !ℜ!�# > 0; �, 
, � > ℂ# (6) 

The confluent hypergeometric Mittage-Leffler function ��,��, !+# is given by E. Ghanim, Hiba F. Al-Janaby, Omar 
Bazighifan [26] in the form. 

��,��, !+# = ∑ =!�#=!�>? #	;<=! #	=!�>?�#	>!)>@* , !ℜ!�# > 0; �, 
, �, � > ℂ# (7) 

The following are some special instances of the confluent 

hypergeometric Mittage-Leffler function ��,��, !+#: 
�*,�*,�!+# = /;, �*,��,�!+# = ���; , ��,D�,�!+# = EF��; ,  

�D,��,�!+D# = 	Gℎ+,�D,��,�!−+D# = 	GI+,��,��, !+# = �!�; 
; +#,  
��,��,�!+# = 9�!+# = ∑ 	;<	=!�>?�#	)>@*   

where � is a positive integer, such that as n, then: 

��,��, !+# = 1Fn ��; �> , �?�> , … , �?>��> ; ;><�; 

In addition 

NO!P, Q# = PO���>,O�,�!P>#, RO!P, Q# = PO���>,O�,�!−P>#. 
NO  and RO  are generalized hyperbolic and trigonometric 

functions, respectively [27]. 

3. Special Cases of Generalized Gamma 

Function 

Generalized gamma -type function is of the form. 

�∗ ��, �, �; 	, 
; �, �; 
, �;�, � �, �� : = ��� � ������,��, !−��#3R2!�, �, �; 	, 
; � − '(#
�,)*                 (8) 

Case (i) For � = � = 0	�Q
	
 = �  the confluent hypergeometric Mittage-Leffler function reduces to an exponential 
function /�S' and equation (8) reduces to the following result given earlier by Chena Ram, Naresh [30]. 

�∗ ��, �, �; 	, 
; 0,0; 
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; � − '(#
�,)*                        (9) 

where ./!�# > 0, ./!�# > 0, � > 0, |�345| < 7. 
Case (ii) For � = � = 0, 
 = � and b=d, (8) reduces to the generalized gamma function discussed by Virchenko et al. [6]. 

�∗ ��, �, �; 	, �; 0,0; 
, 
;�, � �, �� : = ��� � ����/�S'2R1!�, �; 	; � − '(#
�,)*                          (10) 

where ./!�# > 0, ./!�# > 0. 
Case (iii) For � = � = 1 and b=d, equation (8) yields the following generalized gamma function studied by Saxena, 

Chena Ram, Naresh and Kalla [29]. 

�∗ ��, �, �; 	, �; 1,1; 
, �;�, � �, �� : = ��� � ����1ϕ1!
, �; −��#2R1!�, �; 	; � − '(#
�,)*                (11) 

where ./!�# > 0, ./!�# > 0. 
Case (iv) For � = 
, � = 1,	� = � = 0	�Q
	
 = �, (8) reduces to the generalized gamma function studied by Al-Musallam 
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and Kalla [4, 5]. 

U ��, �; 	;�, � �� : = ��� � ����/�S'2V1!�, �; 	; − '(#
�,)*                                          (12) 

where ./!�# > 0, ./!�# > 0, |�345| < 7. 
Case (v) If we set � = 	, � = 
,	p = � = 1,� = � = 0, 
 =�	an	d	�	 = W ∈ 	X*, equation (8) reduces to the generalized 

gamma function studied by Kobayashi [2, 3]. 

ΓZ!�, 5#: = 	� '[\]E\^_!'?`#a 
�,)*                    (13) 

For W = 0 , (13) becomes the well-known gamma 
function. 

Γ!W#:= 	� ����/�S'
�)* ,                      (14) 

where ./!�# > 0. 
Theorem 1. *S is analytic in the domain u v

Ω Ω× . 

The proof is similar to the corresponding theorem for the 
generalized gamma function given by Saxena and Kalla 
([28], pp. 191-192), if we employ the Asymptotics estimate 
[Al-Musallam and Kalla (4)]. 

( )  1  11
3 2 1 2 3, , ; , ; ; ( ) ( ) ( )

a b a b

k k k kR a b c d k z A z A z A z O z O z O zλ λλ
− − − − − −− − −= + + + + + ,                         (15) 

which holds for large Z, |arg(-z)| < π. Here 1 2 3,  ,  A A A  are numerical constants. 

Lemma 1. The partial derivatives of *S  are: 

b<b�< �∗ = ��� ⋅ � ������,��, !−��#!dG4 �#>3R2 ��, �, �; 	, 
; �; �'( � 
�)* ,                                 (16) 

and 

b<b(< �∗ = !−1#>!�#>�∗ �� + Q, �, �; 	, 
; �, �; 
, �;�, � 	�, ��.                                           (17) 

The proof of (16) and (17) is trivial. 
Lemma 2. Let �, �, �, 
, �, �, �, 	, 
, � ∈ ℂ	with 	, 
 ≠ 0,−1,−2,⋯; k > 0 and Re(p) > 0, then following relation is valid: 

�∗ ��, �, �; 	, 
; �, �; 
, �;�, � �, �� = S �� �∗ h�, �, �; 	, 
; �, �; 
 + 1, � + 1;� + 1, � 	�, �i  

+ �j!k#j!l#j!m?n#j!o?n#�j!m#j!o#j!k?n#j!l?n# �∗ h� + 1, � + �, � + �; 	 + �, 
 + �; �, �; 
, �;� + 1, � 	�, �i.                             (18) 

Proof. If we use [7], equation (3.23)] for ( )3 2[ ]kd
R z

dz
 and integrate by parts, then (8) reduces to (18). 

4. The Generalized Incomplete Gamma Functions 

For x, k > 0, we introduce the generalized incomplete gamma function in the form. 

�	*∗	p ��, �, �; 	, 
; �, �; 
, �;�, � �, �� : = ��� � ������,��, !−��#3R2!�, �, �; 	, 
; � − '(#
�,p*                   (19) 

where x, k > 0, Re(u) > 0, Re(p) > 0, and |arg v| < π. 
The generalized complementary incomplete gamma function is defined. 

�p∗	) ��, �, �; 	, 
; �, �; 
, �;�, � �, �� : = ��� � ������,��, !−��#3R2!�, �, �; 	, 
; � − '(#
�,)p                   (20) 

where x, k > 0, Re(u) > 0, Re(p) > 0, |arg v| < π. 
Thus, the definitions (19) and (20) yield. 

�∗ ��, �, �; 	, 
; �, �; 
, �;�, � 	�, �� = �∗*p ��, �, �; 	, 
; �, �; 
, �;�, � �, �� + �∗p) ��, �, �; 	, 
; �, �; 
, �;�, � �, ��,             (21) 

Special cases: q�I/	!r#	For � = � = 1 and b=d equations (19) and (20) reduce to the results given by Saxena, Chena Ram, Naresh and 
Kalla [29]. 

Case (ii) VG3	� = � = 0, 
 = �	�Q
	� = 
,(19) and (20) reduce to the generalized incomplete gamma functions developed 
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by Virchenko et al. ([7], p. 98). 
Case (iii) Further for b = d, � � � � 0, 
 = �	and	� = 1 , (19) and (20) reduce to the incomplete gamma functions 

introduced by Al-Musallam and Kalla [4]. 
Case (iv) For � = � = 0	�Q
	
 = �, (19) and (20) reduce to the results given by Chena Ram and Naresh [30]. 
Remark. If we set a = c, b = d, � = � = 0, 
 = � and � = � = 1	in (19) and (20) and λ→0, then we find that 

Lt�→*	�∗*p ��, �, �; �, �; 0,0; 
, 
;�, � 1,1� = 
!�, P# = � ����/�'
�p* ,                                          (22) 

where γ(u, x) is the incomplete gamma function of the first kind, and 

Lt�→*	�∗p) ��, �, �; �, �; 0,0, 
, 
;�, � 1,1� = t!�, P# = � ����/�'
�)p ,                                          (23) 

where Γ(u, x) is the complementary incomplete gamma function of the second kind. 

5. Probability Density Functions 

Let m and u  represents the shape parameters. Further, let v  and w  denote the scale parameters. Then by taking � =vPxand
� = v	u	Px	��
P, with � = yz 	!w > 0;	v > 0#, 
� = Z?	x	x 	!W + 	u > 0#,	and	5 = n	!n > 0#  

Then (8) transform into the form. 

uva{|| � PZ?x����,��, }−wPx~3R2 ��, �, �; 	, 
; � − zp|> � 
P)* =  

Q��∗ ��, �, �; 	, 
; �, �; 
, �;1 + Zx , Q yz , �� !WrQ�w, v,W + u� > 0#                                                (24) 

By virtue of integral formula (24), a class of probability density functions associated with the *S -function can be defined by 

�!P#: =
���
��x	za{|| 	pa{|\]��,��,�}�yp|~ �� ���,m,o;k,l;n���|< �

>��∗��,m,o;k,l;�,�;�, ;�?a| ,> ��,n�
	

0, /dI/�ℎ/3/
!P > 0#,                                                 (25) 

provided that the various parameters and variable x occurring in equation (25) are so constrained that the density function is 
always non-negative. It is evident that 

� �!P#
P = 1)�) .                                                                                    (26) 

We note that the behaviour of f(x) at zero depends on W + u. 

�!0# = uv]|Q�� ��∗ ��, �, �; 	, 
; �, �; 
, �;Zx , Q yz , ���
�� 	!W + u# = 1                                 (27) 

(0)f  =0 !W + u# > 0  

�!P# → ∞ as	P → 0 + 	when	m + u	 < 1,                                                              (28) 

drW�→)�!P# = 0	!u > 0#,                                                                              (29) 

It can be seen that 

��!P# = 	 �Z?x-1p 	-	wu	Px�� − z	x> 	Px��	�� 	�!P#,                                                         (30) 

Where, for convenience, 
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�: = 	 �j!k#j!l#j!m?n#j!o?n#j!m#j!o#j!k?n#	j!l?n#
��D��?�,m?n,o?n;k?n,l?n;n;�	��|< �

��D��,m,o;k,l;n;�	��|< �                                               (31) 

the formula (30) can be derived, if we differentiate both the sides of equation (25) with respect to x logarithmically and apply 
the following formula. 



P �3R2��, �; �; 	, 
; � − vPxQ �� 	= -
vu�Q t!	#t!
#t!� + �#t!� + �#t!�#t!�#t!	 + �#t!
 + �# 	xx�� 

×3R2 �� + 1, � + �, � + �; 	 + �, 
 + �; �; −	zp|> �                                              (32) 

Special Results: 

For � = � = 1 and b=d, the results of this section reduce to 
the results given by Saxena, Chena Ram, Naresh and Kalla [29]. 

For � = � = 0	�Q
	
 = �, the results of the above section 
reduce to the results given by Chena Ram and Naresh [30]. 

For � = � = 0, 
 = � and b=d, the results of this section 
reduce to the generalized gamma function discussed by 
Virchenko et al. [6]. 

6. Some Statistical Functions 

In this section, several basic statistical functions associated 
with the probability density function �!P#	 defined by 

equation (25), will be evaluated. 

6.1. The 
th

r Moment 

The thr moment 
1
rµ  about the origin of a continuous real 

random variable X with the probability density function f(x) 
is given by 

( )1 r:  :E[X ]r

r x f x dxµ
∞

−∞

= =∫  (r ∈ X),      (33) 

which on using equation (24) and definition (25) gives 

� � = v�¡|�∗ ��, �, �; 	, 
; �, �; 
, �;1 + Z? x , Q yz , �� ��∗ ��, �, �; 	, 
; �, �; 
, �;1 + Zx , Q yz , ���
��

                            (34) 

In particular, for r=1, the expected value of the random variable X (also referred to as the mean or the first moment of X) is 
obtained as 

9!P# ≔ � P	�!P#	)�) 
P = v�]|�∗ ��, �, �; 	, 
; �, �; 
, �;1 + Z?�x , Q yz , �� ��∗ ��, �, �; 	, 
; �, �; 
, �;1 + Zx , Q yz , ���
��

            (35) 

6.2. The Moment Generating Function 

The moment generating function �!�; u# of a continuous random variable X having the probability density function ( )f x  

is defined by 

�!�; u# = 9£/'X¤: = � /'p)�	) �!P#
P=
xza| {] � '[\]��,��,�!�S'#��D!�,m,o;k,l;n�_¥#l',¦§

>��∗��,m,o;k,l;�,�;�, ;�?a| ,> ��,n�
                           (36) 

which itself is a generalization of a result given by Saxena, Chena Ram, Naresh and Kalla [29]. 
For � = � = 0	�Q
	
 = �, the results of the above section reduce to the results given by Chena Ram and Naresh [30]. 
If we set � = � = 0, 
 = �	�Q
	� = 
 and k=1 (27) reduces to the moment generating function studied by Kalla et al. [31]. 

6.3. The Hazard Rate Function 

For a continuous random variable X having the probability density function f(x), the cumulative distribution function F(t) is 
given by 

V!�# :	= � 	'�	) �!P#	
P =: ¨3 G ��© ∈ !−∞, �#�,                                                     (37) 

that is, by 
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V!�# � �∗*z'| ��, �, �; 	, 
; �, �; 
, �;Zx + 1, Q yz , �� ��∗ ��, �, �; 	, 
; �, �; 
, �Zx + 1, Q ;  y
z , ���

��,                         (38) 

where we have used the definition (19) and (25). Thus by virtue of the relationship (21), the hazard (or failure) rate function ℎ!�# is given by 

ℎ!�# ≔ �!�#1 − V!�# = uvZ?xx Q� ��Z?x����,��, }−wPx~ .� D ��, �, �; 	, 
; � − vPxQ � × 

��∗z'|) ��, �, �; 	, 
; �, �; 
, �;, 1 + Zx � �, ���� �
!� > 0#,                                                         (39) 

in terms of the complementary incomplete �∗-function defined by equation (20). 
In passing, we remark that the above derivations would also give the survival (or reliability) functions. 

�!�# ≔ 1 − V!�#=� �!P#)' 
P = �∗z'|) ��, �, �; 	, 
; �, �; 
, �;1 + Zx , Q «¬ , �� ��∗ ��, �, �; 	, 
; �, �; 
, �Zx + 1, Q ;  y
z , ���

��
 !� > 0#  (40) 

6.4. The Mean Residual Life (or Remaining Life Expectancy) Function 

For a continuous random variable X, the mean residual life (or remaining life expectancy) function K(t) is given by 

­!�#: = 9£© − �|© ≥ �¤ = ��!'#� !P − �#�!P# )
' 
P,                                                        (41) 

= ��!'#� P �!P#)
'  
P " �,                                                                           (42) 

since ( )S t denotes the survivor (or reliability) function denoted by equation (40). 

By virtue of the definition (25), if we use the substitution + � v Px�Q
 

dz �  v u xx-1
P, the equation (42) 

� x 
)

' �!P# 
P=v�]
|�∗z'|) ¯�, �, �; 	, 
; �, �; 
, �;��?Zx � , Q «¬ , �° ��∗ ��, �, �; 	, 
; �, �; 
, �Zx + 1, Q ;  y

z , ���
��

              (43) 

so that 

)(tK =v�]|�∗z'|) ¯�, �, �; 	, 
; �, �; 
, �;��?Zx � , Q «¬ , �° ��∗ ��, �, �; 	, 
; �, �Zx + 1, Q ;  y
z , ���

�� − �.                      (44) 

In terms of the complementary incomplete �∗ -function 
defined by the equation (20). 

7. Conclusions 

The results presented this paper by using confluent 
hypergeometric Mittage-Leffler functions are new and 
potential useful. Density function derived (25), which 
includes various density functions are interesting application 
for the evaluation of problem arising in probability models. 
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