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Abstract: In a Hilbert space setting, we introduce dynamical systems, which are linked to Newton and Levenberg-Marquardt
methods. They are intended to solve, by splitting methods, inclusions governed by structured monotone operators M = A + B,
where A is a general maximal monotone operator, and B is monotone and locally Lipschitz continuous. Based on the Minty
representation of A as a Lipschitz manifold, we show that these dynamics can be formulated as differential systems, which
are relevant to the Cauchy-Lipschitz theorem, and involve separately B and the resolvents of A. In the convex subdifferential
case, by using Lyapunov asymptotic analysis, we prove a descent minimizing property, and weak convergence to equilibria of
the trajectories. Time discretization of these dynamics gives algorithms combining Newton’s method and forward-backward
methods for solving structured monotone inclusions. The Levenberg-Marquardt regularization term acts in an open loop way.
As a byproduct of our study, we can take the regularization coefficient of bounded variation. These stability results are directly
related to the study of numerical algorithms that combine forward-backward and Newton’s methods.

Keywords: Monotone Inclusions, Newton Method, Levenberg-Marquardt Regularization, Dissipative Dynamical Systems,
Lyapunov Analysis, Weak Asymptotic Convergence, Forward-Backward Algorithms,
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1. Introduction where 0® is the subdifferential of a convex lower
semicontinuous function ® : H — R U {40}, and B
is a monotone cocoercive operator. Recall that a monotone

Throughout this paper, H is a real Hilbert space with . .. .
& pap P operator B : H — H is cocoercive if there exists a constant

scalar product (.,.) and norm || - ||. As a guideline of our
study, we use the Newton-like dynamic approach to solving B> 0 such that for all z,y € H
. . . . . . )
monotone inclusions Wthh. was %ntroduced in [7] To adapt (Bz — By,z —y) > 3 ||Bx — By|?.
it to structured monotone inclusions and splitting methods,
this study was developed in [7], [6] , [2] and [S], where The abstract formulation (1) covers a large variety of

the operator is the sum of the subdifferential of a convex  problems, see for example [11, [2], [5], [6], [8], [10], [13].
lower semicontinuous function, and the gradient of a convex |t js directly connected to two important areas, namely convex
differentiable function. We wish to extend this study to a  optimization (take B = 0), and the theory of fixed point for
non potential case, and so enlarge its range of applications.  ponexpansive mappings (take ® = 0, and B = I — T with
More pr.ecisely, we are going to. consid.er some discr.ete T a nonexpansive mapping). By a classical result, the two
and continuous Newton-like dynamics, which aim at solving operators 0® and B are maximal monotone, as well as their
structured monotone inclusions of the following type sum A = 9% + B. We are going to exploit the structure

of the maximal monotone operator A in order to develop
0®(x)+ Bxr >0 (1)



2 Boushra Abbas and Ramez Koudsieh: Stability of a Regularized Newton Method with Two Potentials

first continuous dynamics, and then, by time discretization,
splitting forward-backward algorithms that aim to solve (1).
Precisely, our analysis relies on the convergence properties (as
t — +00) of the orbits of the system

v(t) € 0% (x (1)) 2
At (t)+0(t)+v(t)+ B(x(t)) =0. 3)

In (3), A is a positive constant which acts as a Levenberg-
Marquard regularization parameter. We make the following
standing assumptions:  and v are two functions which act on
H and satisfy

e : H— RU{+o0} is convex lower semicontinuous,
and proper;

e ) : H — Ris convex differentiable, and V) is Lipschitz
continuous on the bounded subsets of H.

® o + 1) is bounded from below on H.

We are concerned with the study of Newton-like continuous
and discrete dynamics attached to solving the the structured
minimization problem

(P)  min{p(z) +¢(z) :

Note the asymmetry between ¢, which may be nonsmooth,
with extended real values, and 1 which is continuously
differentiable, whence the structured property of the above
problem. Indeed, we wish to design continuous and discrete
dynamics which exploit this particular structure and involve ¢
via implicit operations (like resolvent or proximal operators)
and v via explicit operations (typically gradient-like methods).
So doing we expect obtening new forward-backward splitting
methods involving Riemannian metric aspects, and which
are close to the Newton method. This approach has been
delineated in a series of recent papers, [1], [3], [2], [6], [7]. In
this paper we are concerned with the stability properties with
respect to the data (A, xg, vg, ...) of the strong solutions of the
differential inclusion

rx€H}.

v (t) € O (z(t)) 4)
AB)a () +o) +v#)+ Ve (x(t)=0 )
2 (0) = x,v (0) = vy (6)

Let us now make our standing assumption on function A(+):
A1 [0, +00[—]0, 400 @)

is continuous, and absolutely continuous on each interval
[0,b], 0 < b < +00. (8)

Hence A(t) exists for almost every ¢ > 0, and A(-) is
Lebesgue integrable on each bounded interval [0, b]. We stress
the fact that we assume A(¢) > 0, for any ¢ > 0. By continuity
of A(+), this implies that, for any b > 0, there exists some
positive finite lower and upper bounds for A(-) on [0, ], i.e.,
forany ¢ € [0, b]

0< )\b,min < )\(t) < Ab,maw < +o00. (9)

Our main interest is to allow A(t) to go to zero as t —
+o00. This makes the corresponding Levenberg-Marquardt
regularization method asymptotically close to the Newton’s
method.

Let us summarize the results obtained in [2], [12] . Under
the above assumptions, for any Cauchy data xg € domdy and
vo € Op(xp), there exists a unique strong global solution
(z(:),v()) : [0,+00[— H x H of the Cauchy problem
(4)-(6). Assuming that the solution set is nonempty, if A (¢)
tends to zero not too fast, as t — +oo, then v (t) — 0
strongly, and x (t) converges weakly to some equilibrium
which is a solution of the minimization problem (7). By
Minty representation of dyp, the solution pair (z (-),v (-)) of
(4)-(6) can be represented as follows: set u(t) = ﬁ, then for
any t € [0, +00),

(10)
Y

7 (t) = prox, sy, (2 ()
v (t) = Vouu (2(1)),

where z (-) : [0, +o00[— H is the unique strong global solution
of the Cauchy problem

2(1t) + () = 4(t)Veuwm (2(1))
+ u@®)Vey (prox“(t)(p (z (t))) (12)
=0

z(0) = x0+ p(0)vo. (13)

Let us recall that prox ,, is the proximal mapping associated

to pup. Equivalently, prox,,, = (I + 1d¢) " is the resolvent
of index p > 0 of the maximal monotone operator Jp, and
Vi, is its Yosida approximation of index p > 0.

Let us stress the fact that, for each ¢ > 0, the operators
ProX,, (1), H — H, Vo,u H — H are
everywhere defined and Lipschitz continuous, which makes
this system relevant to the Cauchy—Lipschitz theorem in the
nonautonomous case, which naturally suggests good stability
results of the solution of (4)-(6) with respect to the data.

This paper is organized as follows: We first establish a priori
energy estimates on the trajectories. Then we consider the
case where A is locally absolutely continuous. Note that it
is important, for numerical reasons, to study the stability of
the solution with respect to perturbations of the data, and in
particular of A which plays a crucial role in the regularization
process. In Theorem 3.1 we prove the Lipschitz continuous
dependence of the solution with respect to A. Moreover,
the Lipschitz constant only depends on the L' norm of the
time derivative of \. Finally, we extend our analysis to the
case where A is a function with bounded variation (possibly
involving jumps). We use a regularization by convolution
method in order to reduce to the smooth case, and then pass
to the limit in the equations. So doing, in Theorem 4.1 and
Corollary 4.1, we prove the existence and uniqueness of a
strong solution for (4)-(6), in the case where A is a function
with bounded variation.
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2. A Priori Estimates

The linear space H x H is equipped with its usual Hilbertian

norm ||(€, )| = \/II€]I* + [|¢]|* . In this section we work on

a fixed bounded interval [0, T'], and following assumption (8),
we suppose that there exists some positive constant cy such
that

(14

0<co<At) forallt e [0,T].

We will also assume that V) is L-Lipschitz continuous.
Indeed, this is not a restrictive assumption since one can reduce
the study to trajectories belonging to a fixed ball in H. We will
often omit the time variable ¢ and write z,v.... for z (¢), v (¢)....
when no ambiguity arises.

In the following two Propositions we denote by
(x(-),v()) : [0,4+00) — H x H the unique strong global
solution of the Cauchy problem (4)-(6).

Proposition 2.1. Let (x, v) be the strong solution of system (4)-(6) on [0, 7], T > 0. Then

T
|11 < 2 ((0+ w)(ao) ~ gt + ).

T 3
fellstozrim < lleoll 4/ Z (o4 9)(eo) ~inf(o +9))

Proof. a) For almost every ¢t > 0, &(t) and 0(t) are well
defined, thus

(#(1),0(1)) = lim % (w(t + h) — 2(8), 0(t + h) — v(t)) .

By equation (4), we have v(t) € dp(z(t)).
Since d¢ : H = H is monotone

(x(t+h) —z(t),v(t +h) —v(t)) > 0.

Dividing by h? and passing to the limit preserves the
inequality, which yields
(@(t),0(t)) = 0. A7)

By taking the inner product of both sides of (5) by (t) we
obtain

ADEO* + (@), 0() + (w(t), &(1)) + (Ve (2 (1), &(t)) = 0.

By (17) we infer
ADONZO + (v(t), 2(8)) + (Ve (a(t)), &(t)) < 0.

Noticing that = and v are continuous on [0,7], hence
bounded, and that A is bounded from below on [0,7] by a
positive number, one easily gets from (18) that

(18)

&€ L*0,T; H). (19)

For our stability analysis, we now establish a precise
estimate of the L? norm of #. By the classical derivation chain
rule

d .
P @®) = (V(a(t), 2(1))

We appeal to a similar formula which is still valid for a
convex lower semicontinuous proper function ¢ : H —
R U {+o0}. Notice that

) v(t) € dp(z(t)) for almost every ¢t € [0, T];

ii) v is continuous on [0,7], and hence belongs to
L*(0,T; H);

iii) & € L%(0,T; H) by (19).

(20)

5)

(16)

By i), ii), i1i), conditions of [11, Lemma 3.3] are satisfied,
which allows to deduce that ¢ — ¢ (x(¢)) is absolutely
continuous on [0, T, and for almost ¢ € [0, T7,

Sla0) = (u(t), (1)) e
Combining (18) with (20) and (21) we obtain
MO + 5 (p((t) + b)) <0 (2)

dt
By integrating the above inequality from O to T we obtain

T
/0 A&7 dt + (¢ + ) (x(T)) < (¢ +9)(x(0)). (23)

Since p+1 is bounded from below on H, and A is minorized
by the positive constant cg on [0, T'] (see (14)), we infer

Tz~ L .
[ a0l < = (1 + o))~ ipfe+0) . @4

b) Since z(+) is absolutely continuous on bounded sets, for
any t € [0, 7]
t
x(t) = xo +/ z(r)dr. (25)
0

Passing to the norm, and using Cauchy-Schwarz inequality
yields

le(®)] < Ilo]l + / (7)1

< llzoll + VT ( / ||¢<T>2df)

Combining the above inequality with (24) gives

2

(26)

ol < ool +y/ = (o +w)e0) —igie ) @)
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This being true for any ¢ € [0, T

T 3
fellorm < ol + 4T ((0-+w)0) ~ igt(o+9)) 29

Let us now exploit another a priori energy estimate.
Proposition 2.2. Let (z, v) be the strong solution of system (4)-(6) on [0, 7], T > 0. Then

T 2T2L2

[ hs01Pa < ol + 27190 P + 22 (G0 4+ w)e)  inf(e + ) )
0 o H

ol tom < ool + VATV D)) + 4/ 2Ty (G0 + 9)(e0) ~inf( +9)) 30

Proof. By taking the scalar product of (5) by ©(¢) we obtain

A(E) (@(8), 0(1) + [0 + (v(), 9(1)) + (Ve ((t)), o(t)) = 0.

By (17) we infer
[o(O)II + (u(t), o(t)) + (Vi (a(t)), 9(1)) < 0. 31)
Hence
[o(&)]1* + 1ill’v(i)llz < Vi (z@)lo@)] < 1IIWJ(CE(t))II2 + 1II@(lﬁ)H2 (32)
2 dt 2 2
which implies
[o(6)11* + %HW)IF <[ Vap(a(t))|1>. (33)

By integrating the above inequality we deduce that, for any ¢ € [0, T

t T
|l Rar + oI < wl? + [ 190 Rar G4)
Since V) is L-Lipschitz continuous

IV (z(T)) < VY (o)l + Ly[lz() — zol|- (35)

A careful look at the proof of (28) gives the more precise estimate

T 7
o~ wolli~ o < /= ((0+ )(a0) ~ nfto+ 49) 36)
Hence for any 7 € [0, T
T 3
IV @) < IVeeo)l + Lw\[ (0 +¥)(wo) — imt(o+)) " G37)
0
Combining (34) with (37) gives
t 2T2 2
[ IR ar + oI < ol + 29w + =2 (o + v)(eo) = nfe+ ) (38)
As a consequence
T 2T2L2
| 101 < ol + 2719 0@0) + =2 (G0 + w)(an) - intlo + ) (39)
0 Co H
and
2 3
1ol o251y < ol + VTV o) | + \[Om (G +9)w0) —igflo ) (40)

which ends the proof.
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We can now deduce from the two preceding propositions an a priori bound on the L norm of & and v

, v 1+ \/2T V2T +VT)L
Jolltorimy < L2204 22T gy g o (DI (

: (i +)(w0) — inf( + 1))
o

6llzmoirany < llvoll + (1 + VI Voao)) + 2L VDL (

: (0 4)(w0) — inf( + )

Proof. a) Let us return to the equation obtained by taking the inner product of both sides of (5) by @(t)

AN + (@(t), 5(t)) + (w(t), (1)) + (Ve (x(t)), &(t)) = 0.

By (17), and ) is minorized by the positive constant ¢y on [0, T'],we infer

coll#(@)” + (v(t) + Vi (a(t)), (1)) < 0.
Hence
@) < %Ilv(t) + V(z(t))] < %(Hv(t)ll + IV (o) | + Ly |z (t) — zol])
By (36) and (40) we deduce that

Jellzmoarn < o (Il + VEFIV (o)) + V2L (04 )an) — o + w>)z)

+ V()| + ”\F (to+ w1 o) ~ o +9))”

SHZZH 1+\/ﬁuv¢( )||+M<

VDL (p+0)(w0) — o+ )
o

b) Let us return to the equation obtained by taking the inner product of both sides of (5) by ¥(t)

A(t) (@(8), 0(8) + o)1 +

A similar argument as above yields

(v(t),0(t)) + (WVi(x(t)), 0(t)) = 0.

[0 < [Jv(t) + Vip(z(t))||
from which we deduce the result.

Let us enunciate some straight consequences of Proposition 2.3.
Corollary 2.1. The following properties hold: for any 0 < T' < 400
1. t — x(t) is Lipschitz continuous on [0, T'] with constant

szn 1+¢ﬁnw( Y L

(o +9)(w0) —inf(e + )’
€

2. t — v(t) is Lipschitz continuous on [0, T, with constant

ooll + (1 + VD) as(ao) ] + 2L+ VDLw

2
€o

(o +0)a0) ~ gt + 0))

3. Stability Results

In the next theorem we analyze the Lipschitz continuous dependence of the solution (z, v) of the Cauchy problem (4)-(6) with

respect to the function A and the initial point (xg, vg). Our demonstration is based on that followed in [6],[9],[14]
Theorem 3.1. Suppose that \,n : [0,T] —

D=

Nl

[co, +00[ are absolutely continuous functions, with 77 > 0 and ¢y > 0. Let

(41)

(42)
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(z,v), (y,w) : [0,T] — H x H be the respective strong solutions of the inclusions

M4+ 0+v+ VY (r) =0, vedp(x), x(0) =z, v(0)=uvg, 43)
ny+w+w+ Vi (y) =0, wedp(y), y(0)=uyo, w(0)=wo. (44)

Define 6 : [0, 7] — R, for each ¢ € [0,T], by

0(t) = \/C% () =y + [[o(t) — w(t)|*.
Then

A(0) +n(0)

H).‘J'_ﬁHLl
2 +

C L
101 Lo (jo,77) < [zo — woll + [[vo — woll + §||>\ - UILI([O,T])] X exp (200 T+ C;f)) . (45)

with

C— l[voll + [[wol| I 1 +c;/ﬁ(|v¢(xo)|| + [V (yo) )+

Co

(V2T +VT)Ly

N

(o4 0rte0) — o))"+ (o )0~ o+ ) ).

In particular, if g = yo, vog = Wy, then

c 1A+ | L2 (o, L
16]] 2 (0.7 < =X = 0l o.zyy X exp | o O | p(q 4 2y ) (46)
2 2¢o Co
with
2||v 1++2T V2T +VT)L , 3
=2l 19 Geo) + 2 Y2V (o 4y (ag) — s+ )
Co Co C(? H

Proof. To simplify the exposition, define v : [0,7] — R

Using the assumptions A, 7 > ¢g and the monotonicity of O we conclude that for any ¢ € [0, T
co <7, (x—y,v—w)>0.

Therefore

0 <22l =yl + o —wl® <y (@ =) + (0 — ). 47)

Let us show that @ satisfies a Gronwall inequality. Let us start from

=)+ - w)] =4 )+ - §) + (6 ).
In view of (43) and (44),
(0 —w) = =Ai+ny — (v —w) = (Vi (2) = VU (y)).

Combining the two above relations gives

d

%h(w—y)ﬂv—w)]:V(I—y)ﬂw(dﬁ—y)—Aif+ny—(v—w)—(Vzb(z)—Vw(y)%

2

=A@ —y) + =L (4 G) - (v —w) — (Vi (&) — Vi ().

Since v, x, y, w, v are absolutely continuous, the function 7y (x — y)+(v — w) is also absolutely continuous. As a consequence,
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integration of the above inequality on [0, s], for s € [0, T, yields

(@ =y) + (v =w)](s) = [7( + (v —w)](0) =

g
3 | =N dt+/0 - w)di- [ (Vo) - Vo)

Passing to the norm

Iy (@ = 4) + (@ — w)] ()] <7 (0) [lz0 — woll + Il — woll
/ Al I + g de + / I (2 — ) — (0 — w) |ldt + / IV () — Vi (3) [ dt. 48)
By Lipschitz continuity property of V1), and definition of 6, we have
L
IV (@(t)) = V6 (u(2) | < Lullo(®) ~ y(0)] < 20(0). (49)

On the other hand

I (@ —v) — = )2 = 312 flz — yl* + |v—w||2+2<co <x—y>ﬁ<w—v>>
co

|’Y| 2
| [

<P lle = yl” + llo = wl* + e llz —y)* + v

(W . 1) 0. (50)
<

Combining (48), (49), (50) and 0 < ||y (z —y) + (v — w)||,

L/ L L
9(5)SV(O)HJTO*%H+||U0*wo||+§/ A= HerdetJr M +7: dt
0

v L
<7 (0) llzo — oll + oo — woll + 311~ s omy ||x+y||Loo<0T>+/o s 2o
0

Applying Gronwall’s inequality yields
1 - il Ly
0(s) < [(0) llro = woll + oo = woll + 5N =l oy I + 6l emqoiry | x exp | |04 1472
0

Combining this estimation with the bound on the L°° norm of & and g (see Proposition 2.3)) gives

c T L
6oy < [ O)llzo = soll + 10— woll + S = allsgoy | e [ |14 2] a
0

with
¢ — ol - Fwoll, 1+ r<||vw< o)l + 7 (yo) )
» LV ((«o 00~ igfle+ )+ (o4 0)n) — gilo+0) ).
0
Equivalently
101 o= (0,17) < M [zo — ol + [[vo — wol| + %”/\ - 77||L1([0,T])} X exp (W +T(1+ ip)
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Remark 3.1. In the cas 1» = 0 we recover exactly the same
stability results as [6, Theorem 3.1].

Remark 3.1. - It is worth noticing that, besides the Lipschitz
continuous dependence with respect to A of the solution
(x,v) of (4)—(6), Theorem (3.1) also provides its continuous
dependence with respect to the initial data (xg,vg). More
precisely, if (x,,v,) (resp. (xz,v) ) is the solution of
(4)—(6) corresponding to the Cauchy data (zqy,,von)(resp.
(zo,v0)), as a direct consequence of (45) we obtain for all
T > 0, (0p 3 (zon, von) — (To,v0)) = (Tp,vp) —
(x,v) uniformly on [0,7].

Note also that, by contrast with semigroup generated by a
subdifferential convex [11],[15], there is no regularizing effect
on the initial condition: there is no way to define a solution of
(4)—(6) for zy € domdy \ domdy since in that case, for any
approximation sequence Zg, € domdy and vy, € ¢ (o),
one has 1171111 |lvon|| = 400, which would imply the blow-up of

the sequence (z,,, v, ) as n — +00, on any finite interval.

Remark 3.2. Another approach is to study the equivalent
problem (13)-(13), based on the known stability results for
the Cauchy-Lipschitz problem. Although conceptually simple,
this approach seems more technical.

4. Bounded Variation Regularization
Coefficient ) (-)

Let us suppose that A (+) : [0,T] — ]0, oo] is of bounded
variation on [0, 7], where T > 0. That is TV (), [0,T]) <
+00, where TV (A, [0, T1) is the total variation of A on [0, T7] :

VN[0, 7)) = sup Y [A(73) = A(7im1)]

i=1

the supremum being taken over all p € N and all strictly
increasing sequences 7o < 71 < - - - < 7, of points of [0, 7.
Function A\ may involve jumps. We also suppose that X is
bounded away from O:

inf A ([0,77]) > 0.

The following lemmas which are proved in [6] gather some
classical facts concerning the approximation of functions of
bounded variation by smooth functions together with some
technical results useful for sequel.

Lemma 4.1.Let A\ : [0,T] — ]0,00[ be of bounded

variation on [0, 7']. Then there exists a sequence (A ),, <y, With
An € C* ([0,T]) for each n € N, such that

i) inf A([0,T]) < An(t) < supA([0,T7]), V¢ € [0,T],
Vn € N.

In particular, A, > 0if A > 0;

1) A, — Ain LP (0, T) foranyl <p < oo

ii1) TV (A, [0,T]) = [i |An () [dE < TV (A, 0, TY) .

Lemma 4.2. Let zn,2 € C([0,T], H) be such that z,, —
z uniformly and (z,), is L-Lipschitz continuous for some
positive constant L independent of n € N. Let A\, —
A in L?(0,T). Then \,%, converges weakly to A\Z in
L?(0,T;H).

We can now state the main result of this section.

Theorem 4.1. Let A : [0,T7] — ]0,00[ be of bounded
variation on [0,7], and suppose ¢y = inf A ([0,7]) > O.
Let zp € domdy and vy € Jp(xg), vg # 0. Then
there is existence and uniqueness of a strong solution (z,v) :
[0,T] — H x H of the Cauchy problem

v(t) €dp(x(t), O0<t<T (51)
Az (@) +0@)+v(t)+ Ve (x(t) =0,

ae 0<t<T, (52)
z(0) =z, v(0) = vp. (53)

Proof. Existence: According to Lemma 4.1, there exists a
sequence of functions (A,),, oy in C* ([0, T7]), with A, (t) >
¢o, which converges to A in L? (0,T) for p > 1, and satisfies
the condition
T
/

For each n € N there exists a unique (x,,, v;,) solution of
the differential inclusion

A (t)‘ dt <TV (). (54)

v () € 0p (z, (1)), 0<t<T, (55)
An (8) T, () + Up () +0p (B) + VY (25, (1)) =0,

e. 0<t<T, (56)
Zn (0) = zg, v, (0) =vp. (57)

We will show that (x,,v,) converges uniformly to a
solution of (51-53).

Consider, in C ([0, 7], H x H), the norm

1(z,w)ll, = max \/C% Iz @I + Il ()]

te[0,T]

It is equivalent to the sup norm in C' ([0, 7], H x H) . Using Theorem3.1, (46) and (54) we deduce the existence of a constant

C' (which is independant of n) such that for any n, m we have

L([0,T]) Lw

||(xn; UTL) - (Z'm, U"”)”co S Cexp

VY

Co

< Cexp (T

L
+T(1+ ”*”)) [ An
Co

mllzr o)

Amll Lo, -
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Since the sequence (Ay),,c converges to X in L' (0,T), we deduce that (x,,,v,) is a Cauchy sequence with respect to the
sup norm. Therefore, (2, vy) converges uniformly to some continuous (z,v) : [0,7] — H x H. Since V1 is continuous we

also obtain
Vi(z,) = Vip(x) uniformly on [0, 7.

Moreover, Lemma 4.2 ensures that \,,4,, and ©,, converge weakly to i and © in L? (0,T; H). Hence letting n — +oc in
(56) gives
A+ 04+v+ Vi (z) =0,

that’s (52). Finally, since the graph of J¢ is closed we obtain, for all ¢ € [0,T], v (t) € dp (x (¢)) that’s (51). Hence (x,v) is a
solution of (51)-(53).

Uniqueness: We adapt the proof of [6], using differential and integral calculus for BV functions which involves differential
measures.

Define A~ : [0,T] — [co, +o0o[ by

0<t<T:A (t)=limA(t—¢).

o £>0,6—0
Let (z,v), (y,w) : [0,T] — H x H be two strong solutions of (51)-(52)-(53). Explicitly
M+ 0+v+ VY (x) =0 ae; v(t) € 0p(x(t)) Vt; x(0) =g, v(0) = vo,
A +w+w+Vy(y) =0 ae; w(t) € dp(y(t) VE; y(0) = zo, w(0) = vo.
Since A = A\~ a.e., we also have
A4+ 04+v+VY(z)=0and A g+w+w+ Ve (y) =0 ae.

and consequently
AT@-9)+@0-—w)+v—w+Vy(x)—Vi(y) =0 ae. (58)

In terms of differential measures on [0, 7] we have [19]
dAN (z—y+@w-w)]=Xxdz-—y)+(@—y)d\ +dv—-w). (59)

Integrating the left hand term on [0, s[ and taking the initial condition into account, we obtain for s € [0,T] [? , Corollary 8.2]
/[ [d A @ =)+ w—w)] =27 (s)(@(s) =y (s)) + (v (s) —w(s)). (60)
0,s
Now integrating the right hand term of (59) on [0, s) and taking (58) into account, we get

A d(z—y)+dv—w)] +/[0 [(x—y)d/\*

/ [Ad(z—y)+ (@ —y)dA~ +d(v—w)] :/
0,51

(0,5

:/[078[[)\‘(x'—y)+v—w]dt+/ (z —y)d\~

[0,s]

:-/ [v—w+Vz/J(x)—V1/)(y)]dt+/ (x—y)dr. (6]
0.1

[0,s[

From (59,60,61) we deduce
A (8) (& () — 9 () + (v (5) - w (s)) =/[O (e —y)ax —/[O 0w V@) VY )
Whence

||r<s><m<s>—y<s>>+<v<s>7w<s>>||s/ ||xy|||dA|+/[0 [nvwndw/ IV () — Vo ()] i (62)

[0,s(

0,
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) ) o\ 1/2
Define 0 (s) = (e |z () = y (5)]I* + [lv (5) — w (s)[")
The same reasoning as in Theorem 3.1 yields

0(s) < [|A7(s) (x(s) =y (s) + (v (s) —w(s))

Besides we also have co|lz(s)—y(s)]| < 8(s),
lv(s) —w(s)|| <0(s),and we have that V1 is the gradient
of a convex, continuously differentiable function ¢y : H —
R, and by Lipschitz continuity property of V), and definition
of 0, we have

IV (2(t) = Vi (y(0) | < Lyllz(t) - y@)

L
< =20(t). (63)
Co
Hence, with (62)
1 _
0(s) < — 0 |dA~| + Odt
Co J[o,s] [0,s]
1
+—L¢/ th:/ Odu, (64)
Co [0,s] [0,s[

where dp denotes the nonnegative measure % |[dA\~| +
1
(1 + aLw) dt.
If  # 0 on [0,7], define ¢ty = inf {¢t € [0,7T],0 (t) > 0}.
Note tg < T and 0 (to) = 0, since 6 is continuous. With (64)
we then have

0(s) < / Odp, to < s <T. (65)
lto,s]

In view of f} to,t0] dp = 0 and of the right continuity at ¢
of t — ji to,1] du, [? , Proposition 9.1 ] there exists some
t1 € Jto, T] such that f]to,tl] du < 1/2. Let M be an upper
bound of § on [0, t1]; from (65) we deduce, for s € ¢y, t1]

M
0(s) <M dp <M -

]tO’S[

dp <
Jto,ta[

Hence M /2 is also an upper bound of ¢ on [0, 1], which
necessarily entails M = 0 and § = 0 on [0,¢;]. But this
is contradiction with the definition of ¢o. Hence § = 0 and
(z,v) = (y,w) on [0, T].

Theorem 2.2 has a natural global version formulation:

Corollary 4.1. Suppose that A : [0,00[ — ]0,00[ is of
bounded variation on [0,7] and inf A ([0,7]) > 0 for any
T < 00. Letvy € O¢ (x9) and vy # 0. Then there is existence
and uniqueness of a strong solution (x, v) : [0,00] — H x H
of the Cauchy problem

A+ 0+v+ Ve (x) =0, v(t) € dp(x(t)) 66)
2 (0) =z, v (0) =vg
where the first equality holds for almost all ¢ € [0, oo, and the
inclusion holds for all ¢ € [0, oo .
Remark 4.1. The results obtained in this paper still hold if

Vs €10,17].

B = V1) the gradient of a convex, continuously differentiable
function ¢y : H — R is replaced by a maximal monotone
cocoercive operator B : H — H (see [1, 4, 17, 18, 21, 22] ).

5. Conclusion

In a Hilbert space setting, we studeid the stability properties
of the regularized continuous Newton method with two
potentials, which aims at solving inclusions governed by
structured monotone operators. The Levenberg-Marquardt
regularization term acts in an open loop way. As a byproduct
of our study, we took the regularization coefficient of bounded
variation. These stability results are directly related to the
study of numerical algorithms that combine forward-backward
and Newton’s methods

Let us list some interesting questions to be examined in the
future:

1. Study the asymptotic stability properties, corresponding
to the case where T' = 400, in connection with the
convergence results of [2] and [7].

2. Extend the results to the case where the Levenberg-
Marquart regularization term is given in a closed-loop
form, A\(t) = a(||Z(¢)]|) as in [6].

3. Study the same questions for the corresponding forward-
backward algorithms, see [1].
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