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1. Introduction

Interest of investigations of non-classical equations arises
in applications in the field of hydro-gas dynamics, modeling
of physical processes (see, e.g., [6], [7], [11], [12], [13], [18],
[20],[21] and the references given therein).

Non-classical model is defined as the model of
mathematical physics, which is represented in the form of the
equation or systems of partial differential equations that does
not fit into one of the classical types-elliptic, parabolic, or
hyperbolic. In particular, non-classical models are described
by equations of mixed type (for example, the Tricomi
equation), degenerate equations (for example, the Keldysh
equation or the equations of Sobolev type (e.g., the
Barenblatt-Zsolt-Kachina equation), the equation of the
mixed type with the changing time direction and forward-
backward equations.

In recent years the attention of many scholars has turned to
the study of well-posed boundary value problems for non-
classical equations of mathematical physics, in particular, for
forward-backward equations of the parabolic type ( e.g., [16],
[19] and the references given therein).

In the theory of boundary value problems for degenerate
equations and equations of mixed-type, it is a well-known

fact that the well-posedness and the class of its correctness
essentially depend on the coefficient of the first order
derivative (younger member) of equations (e.g., [3], [4],
[8],[9], [14],[18] and the references given therein).

In the paper [8] it was introduced the new called Fichera's
function, in order to identify subsets of the boundary of the
domain where the boundary value problem for such kind of
equations is posed, where it is necessary or not to specify the
boundary condition. A namely boundary conditions depend
from sign of the Fichera's function ®d(x).

In the work [3] (see, Chapter 1, p. 191-197 and Chapter 3
p. 239-245) and papers [14],[22] new boundary conditions
(so called type of problem “E “in which some part of the
boundary shall be exempt from the boundary conditions)
were studied.

In the paper [17], [18] various Dirichlet problems which
can be formulated for equations of Keldysh type, one of the
two main classes of linear elliptic—hyperbolic equations were
investigated. Open boundary conditions (in which data are
prescribed on only part of the boundary) and closed boundary
conditions (in which data are prescribed on the entire
boundary) were both considered. Emphasis is on the
formulation of boundary conditions for which solutions can
be shown to exist in an appropriate function space.
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Boundary value problems for equations of mixed
hyperbolic-elliptic type with changing time direction had
been studied details in [21]-[22].Great difficulties come into
being in the investigation of linear systems of degenerate
elliptic and hyperbolic equations.

In mathematical modeling, partial differential equations of
the mixed type are used together with boundary conditions
specifying the solution on the boundary of the domain. In
some cases, classical boundary conditions cannot describe
process or phenomenon precisely. Therefore, mathematical
models of wvarious physical, chemical, biological or
environmental processes often involve non-classical
conditions. Such conditions usually are identified as nonlocal
boundary conditions and reflect situations when the data on
the domain boundary cannot be measured directly, or when
the data on the boundary depend on the data inside the
domain. In this case, boundary condition in particularly,
maybe given for some part of the boundary with derivatives.
Consequently, in this paper considered boundary conditions
corresponds to the so- called well-posed boundary condition
of Fichera’s and Keldysh an application new approaches
form presentation. In numerical methods for solving these
equations, the problem of stability has received a great deal
of importance and attention.

L (u,0) =k (¢)u, + ke, (

L, (uv)= kl(z) (1)o,

+b, (x,t)u, +b,, (x,t)U, + ¢y, (x,0)u+c,, (x,t)

2 2
where the A _is Laplace operator A = 6_2 +... +6_
Ox; Ox’

Everywhere we will assume that the coefficients of the
system of equation (2.1) are sufficiently smooth. Moreover,
the conditions

th() (¢)>0for £ 20, (O(-T,T), i=1,2; x,k, (x) <0 for
x, 20, x:(xl,...,xn)DGDR"

are satisfied. As far as is known that quadratic form of the
equations of system (2.1) changes, then this system contains
partitions degenerating elliptic, degenerating hyperbolic,
mixed and composite type differential equations at the same
time including changing direction time of variable in the
domain D.

Assume the notations:

L ={(nO:ix, >0, 1=-T},
= {0l :x, <0, t=-T}
r;, ={xn0r:x, >0,¢t=T},
r, ={xn0r:x,<0,:=T} S* =0G" x[-T,T],
§™=3G™ x[-T,T], D* =D {x, >0}, D™ = D {x, <0}

A u+Z:a,1

=1
+b11(x,t)u[+b12(x,t)ul+cn(x,t)u+clz( )U fl(x,t)
(

—Axu+i:ai(l2 (x t)u +Z:a,2 x,t)
i=1

Finally, the problem for the system of equations of mixed
hyperbolic-elliptic of Keldysh type, including property of
changing time direction has not been extensively investigated.
Therefore in present paper we will study this problem.

2. Problem Statement, Notation and
Preliminaries

Let G be a bounded domain in the Euclidean space R" of
the point x = (xl,...,xn) , including a part of hyper-plane
smooth oG OC?,
G =GN{x, >0}, G =GN{x, <0} . The boundary of G

consists of a part of hyper-plane x, =0 for x, >0 and

x,=0 and  with boundary

smooth surface 0G™ . Analogically, the boundary G~ consists
of a part of hyper-plane x, =0 for x, <0 and smooth

surface 0G~ .Assume that
D=Gx(-T,T), T>0; S=0Gx(~T,T), where I =0D

is a boundary of domain D . In the domain D consider the
system of equations:

n

1
v, + 3 (x

i=

: @.1)

=1, (x1)

The boundary value problem Find the solution of system
equations (1.1) in the domain D , satisfying the conditions:

,

d

,r—;:o,uth:o, 2.2)

=0,v

t

=0, y|—=0.

=

2.3)

P =00l

Remark 2.1. In this situation, the ", 7,

carriers as boundary conditions which depending on the signs
bp(i).  b(er). K ()i=12
2b, - k,P()<-0<0, 2b,-kV(t)<-0<0 conditions
must be satisfied everywhere in D. Thus indicated boundary
value problems for the system of equations (2.1) are putting
in the form (2.2), (2.3) and setting the boundary conditions
(2.2), (2.3) corresponds to and consistent with the approach
cited above(e.g., [3], [4], [8],[17], [22],etc.).

By the symbol C, we denote a class of twice continuously

T r; ,I;setare

when the

differentiable functions in the closed domain D | satisfying
the boundary conditions (2.2) and (2.3), by H,,(D) ,
H,, (D) in Sobolev’s space with weighted spaces obtained

by the class C, which is closed by the norms:
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” "HlL(D) j(u +|k (x)|zu tu )dD

respectively. Introduce, the space W, (D) Sobolev’s with
norm (e.g. [2],[5]):

o =l = [ Xl asar

Dlalsk

el
al=a,+..+a,, D°=D".D", D, =—, D =—.
0 n 0 n 0 at

Since k,(x)# 0 for x, #0, by the Sobolev’s embedding
theorems [2],[5] the functions from the spaces H,, (D) will

satisfy the boundary conditions (2.2), (2.3).
Lemma 2.1. Assume that the following conditions
(a) 2b,,(x,1) = k" (1)< -d<0for t=0, xOG;

(b) 2b, (x,t) =k’ ()< -0 <0 for =0, xOG;
© [a ()| <, e, 0 [al? ()] < 0, [k (o)

i(ai(ll)—kh’) SM3|k2(x)|, where M,,M,,M,, M- are

sufficiently large constants,

(d) 2¢,,(x,1) - Za<2> b, (x,£)<0, (x,)0D,

(e ‘ai; ‘ < M|k2(x)| >

® x,¢,(x,0)=20 for x, 20, (¢,(x,0)",

=¢,(x,)=20,

J, = j L (u,v)au,dD" + j au, L, (u,0)dD™ 2 > % j {[(2[;11 -k @)a+a kP Ol +2) (@Va-(ka) Ju
Dt - b i=1 '

n n n
"“ im(D) = I(u; +k22(x)zux2,x, +|kz(x)|zuf,r +|k2(x)|2uf’ +u; +u’)dD
: ) i=l i=l i=l

(x,n)0D

—-a,,, 20 ac, —¢,a, 20, (x,t)0D are holds. If
a(x,,t) =—tx, —M,, where constant M, is sufficiently large,
then for all functions u(x,t) s U(x,t) UC, the following

inequality

or ac,,

J L (u,0)au,dD" + J au,L,(u,0)dD" + J au, L, (u,0)dD”
D* D* D™

¥ j 0L, u,0)dD" = mJuf, 2.4)

o W )

holds true. Where the constant m is not dependent from
functions u(x,¢) and U(x,t).

Proof. Letu(x,t), U(x,t)0C, and consider the following
integrals:

Jy = [ Lwv)audD” + [ au,L,(uw,0)dD" ;
D* D™

J, = j L,(u,v)au,dD" + j L,(u,v)au,dD" .
D* D™

After integration by parts and allowing for boundary
conditions of (2.2), (2.3) and taking into account nonnegative
boundary integrals we get:

u+ka'u ]

xit

22% (x,0)U, au, +b,auu,, +(ac,, —c,a)u’ +c,avu, ]} dD* j K" (~Tyaw; (x,~T)dx + + [ k" (T)au] (x,T)dx

i=1

G-

~ [ ke ()aw? (x,0)dx + [ &y (x)au? (x, Hdx,

J, = J au,L,(u,0)dD" + j au,L,(u,0)dD™ =2
>

NI»—‘

i=1

Now, wusing inequalities of Cauchy-Bunyakovskiy,
Poincare and conditions of Lemma2.1 for coefficients of
system equations (2.1), and taking into account the fact that,

the coefficients kl(i) (t),i=

boundaries, and then , summarizing estimates for J, and J,

1,2 are homogeneous on the

obtains the validity of inequality (2.4).

{|:(2b22 - kl(tZ) (t))a - a)‘ k1(2) (t))Utz - 2Zn: (ax, Ut

D

2 2
Ux, + Ux, at) + (aCZZ - a)‘c22t )U

i=1

+23 " (aiu, au, +av, av,) +2c,uv, +2b,u,v, }}dD‘ —j k2 (=T)au’ (x,~T)dx + j K (TYau? (x,T)dx .
G* G-

Definition2.1. We say that u(x,t) and U(x,?) are regular
solution of problem ((2.1)-(2.3)), if the functions
u(x,t),u(x,t)0H, (D) satisfy equation of (2.1) almost
everywhere in domain D .

We need to seek new structure step of proof or non-
classical method for solvability of problem ((2.1)-(2.3)). For
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this reason first of all, begin to formulate the theory of
existence, first take the decaying system equations in the

L, (u) = k" (O, +he,()Bu+ Y alu, +bu, +cu = £,(x,1) |

i=1

LZ (U) = kI(Z) (t)Utt _AU+Zai(22)Ux, +b22Ut +CZZU = fz(x, t) .

i=1

For proving solvability of the problem ((2.5), (2.2)) we use
the method of “ & —regularization” and it is the fact that the
hyper-plane x, =0 is a characteristic for equation (2.5).

Therefore, we can consider the boundary value problem
((2.5), (2.2)) in the following form:
Boundary value problem 1. Find the solution of equation

(2.5) in the domain D", satisfying the boundary conditions

r,

u

0, uz=0,ulz=0,u_.=0. (27
Boundary value problem 2. Find the solution of equation

(5) in the domain D", satisfying the boundary conditions

uf— =0, ul—=0,uf==0u[ =0. (28

By C; (D+), C, (D') we denote a class of infinitely

differentiable functions in the closed domains D*,D”

satisfying the boundary (2.7) and (2.8),
respectively.

conditions

3. Uniqueness Solution of Problem ((2.1)-
(2.3)) in Space #,, (D)

(L1 (u v

n2>=n

+(L2 (,.0,) )

n’>=n

,au

nt

Hence, passing to limit as » — o in last inequality, we get
u, - 0,0, -0 in space H, (D) . On the other sides we

have

- <, ~u
u, u"HI,L(D>_ u, —u -0,

||U" _U"HI,L(D) < ||U" _U”HZVL(D)

H, (D)

-0

for n —» o . Hence, u =0,0 =0 . That is proof of Theorem
3.1. Now, we need the proof of solvability problem ((2.1)-

(2.3)).

2
H, (D) 2

(Ll (u)’aut)Lz(D*) 2 m, ||u|

are valid.
Proof. Let’s consider the integrals:

ILI (u)au,dD" = Jﬁauth+ ,
D* D*

)LZ(D’) 2m, (”u"”Hl'L(D) +
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following form:

2.5)

(2.6)

Theorem3.1. Assume that the conditions of Lemma2.1
hold, then the regular solution of the problem ((2.1)-(2.3)) is
unique.

Proof. Indeed, let u,,v, and u,,U, be two solutions of
problem ((1)-(3)) which is satisfying the systems equations
(1). Letu =u, —u,, U =0, —U,. Then the functions u,U will
be satisfying equations: L, (u,U) =0 and L, (u,U) =0in the
domain D . Suppose that, u # 0,0 # 0 be satisfied. Let’s take
sequence, functions{un} ,{Un} UcC,, n=12,...etc, such that
u, »u in H,, (D) forn -, v -0 in H,, (D) for

n — oo . By the inequality of (2.4) we have

"Ll (M’U)"LZ(D) -'-"L2 (u’U)||L3(D) 2 m, ("u H, (D) +||U||H:.L(D))

where the constant m, independent from the functions
u(x,t) and U(x,t)
L (un,Un) - L (u,U) , L, (un,Un) - L, (u,U) forn - oo .
By the virtue of inequality of (2.4) we have

Therefore we can assert that

)’aum )LZ(D+) +(L1 (urﬂUn)’aunr )LZ(D’) +(L2 (un’Un)’aUm )LZ(D+) +

U 2
H, (D) ]’

n

4. The Existence Weak (Regular)
Solution of Problems ((2.5), (2.7))

(2.5), (2.8))

Lemma4.1. Assume that the condition (a)-(c), (e), (f) of
Lemma2.1 are holds, then for any functions

u(x,6)0C; (D*) (u(x)0C; (D)) following inequalities

(Ll (u)’aut)Lz(D’) 2 m, ”u"i]l_L(D’) (41)
I L (u)a’ulde = J fiaudD".
D™ D™
After integration by parts, allowing for boundary

conditions and taking into account nonnegative boundary
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integrals we get

(& (w).aw,), % j{[ 2b(x,0) =k a —ka, u? +Z2[(a’a(l)(x,t)—(kz(x)a')xl)ux’u,+

+k2atux, :| + [(_Cuat + cma’] u

*}ap - j kKO (=T)au? (x,~T)dx Ou(x,t)0CL(D"),
2

(& () aw,), %J{[(Zbll(x,t)—klzt)a’—kl(”at]uf+Zn:[2(a’a,ﬂl)(x,t)—(kz(x)a')xl)ux‘uf+

2
+k2atux, :| + [(_Cuat + cma’] u

Hence, using Cauchy-Bunyakovskiy and Poincare
inequalities, taking into account conditions (a) — (¢), (e),(f) of
Lemma 2.1, for chosen constants with the fact that
coefficients kl(l) (t), is homogeneous on the boundaries ,then

we get the truth of inequalities (4.1). Moreover, using
inequality Holder’s we have

2 2
2 m, [u 1AL,y 2
”fl"Lz(D*) = my jju Hy, (D" 2 f' L(D7) — n, |ju Hy (D7)

where the constants m,,m, are independent from the

function u (x,t) .That is proof of Lemma 4.1

Definition4.1.The function

L () = k"

it

and we state for it the boundary value problem

ul, ., =0, us. =0, Uelrs

+ (kz - é‘)AuE + bnua

=0, u

2}alD +j K" (Tyau? (x,T)dx , Du(x,t)0c, (D). Ou(x,0)0c, (D).

u(x,t)lZIH“(D*) (u(x,t)DHM(D*)) is said to be

regular solution of problem ((2.5), (2.7)), ((2.5), (2.8)) if it is
generalized solution satisfies almost everywhere equation
(2.5) in domain D*(D").

Lemma 4.2. Let the conditions of Lemma 4.1 be fulfilled.
Then regular solution of problem ((2.5), (2.7)), ((2.5), (2.8))
is unique.

Proof. The Lemma4.2 is proved similarly way to the
Lemma2.1 and Lemma 4.1.Since the equation of (2.5) is also
degenerating then, due to regularizing effect to apply for
equation (2.5)

In the domain D" , “&-regularized” equation of mixed

Analogically, we will consider the following boundary value problem

L () = k"

it

u, =0, u

x,=0

¢ =0 ul= =0, ufz =0 u.f= =0. (4.5

£|r;.

Proceeding from the known results of the papers [4], we
can affirm the following proposition.
Remark4.2. If the conditions of Lemma 4.1, Lemma 4.2

and 2b, (x,t) —‘kl(tl)‘ <-3<0 (x,¢)0D are satisfied, then for

A ) *AE

L(p*) =

where the constants m, and m, are independent of the

function u(x,t) .

Proof of this proposition proves similarly to Lemma?2.1,
Lemma4.1 and Theorem3.1.

Theorem 4.1. (on the solvability of problem ( (2.5), (2.7))
Assume that the conditions of Lemma4.1 hold. If

‘kalkzx/ < M, |k, ()|, £ (x.0). £, (1) DL(D") ,

n
)
*(ky + E)Du, +byu,, +D ag'u
i=1

2 o) ,||f1||i2(

type
Dl +au, = 1 (x.1) @2)
i=1
gzzo quIO. (43)
e et = £ (%) (4.4)
any righthand side f(x¢) , f, (x¢)0L, (D+)

(f1 (x,2), £, (x,2) 0L, (D' )) there exists a unique solution of
boundary value problem (4.2), (4.3) ((4.4), (4.5)) from the
space W, (D+) (Wz2 (D')) and this solution allows

following estimates

" flr " (4'6)

(D’)

28, (2,2) =i (t)‘s—5< 0, for (x)0D*, ij=1,2,...n
are satisfied, then there exists a unique regular solution of
problem ((2.5), (2.7)) from the space H,, (D*) .

Theorem 4.2. (on the solvability of problem (2.5), (2.8))
Assume that the conditions of Lemma2.1 hold. If

2 | M [ (2)], £ (xt), £, (,0) DL (DY)
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2, (1) =k (1) £ =6 <0, (x£)0D", i,j=1,2,m are
satisfied, then there exists a unique regular solution of
problem ((2.5), (2.8)) from the space H, ; (D') .

Proof of Theorem4.1 and 4.2 The following a priori
estimates

2 ul +lk, —€ nuz +u? |dD*
TIRRE | R T

o - 4.7)
Ul oy 2 f 2+l ol 3, |

b i=1

hold for the functions

u, (x,0)OW; (D+)
(ug (x,6)OW; (Df)) and being the solution of boundary
value problems ((4.2), (4.3)), ((4.4), (4.5)), respectively.

Where the constants m, and m, are independent of & and
u (x,t) . The proof of these statements in easily obtained by

integration by parts and using the Cauchy inequality. Further
for obtaining the second a priori estimation we take the
function &, (¢) such that

& =1 for tO(-T,-n), %>/7>0;

(@) <1 for tl][—l],—%) () =0 for tD[—%,T}.

x,t) =¢ (t)ug (x,t) .

Obviously, the function W, (x,t) will satisfy the equation

Then, we consider the function WE(

LW, =& [ +2k" (0) & (0)u, +K )& (¢)u, = F.. (4.8)

Hence, by virtue of inequalities (4.6) and (4.7), the set of

functions {Fg (x,t)} are uniformly bounded in space L, (D+) .
In other side, in domain D

2
equation L, W, = F, belongs to elliptical type of equation.

:{xDD,—T<t<—%} the

Therefore, multiply equation of (4.8) by -,

&t

integrate by

parts in the domain D", allowing boundary conditions, use
the Cauchy-Bunyakovskiy inequality we get

||Fg||LZ(D+)vaj(V‘Qf,+W2+W2+|k —g|sz +|k, —£|z m]
D*

where constant m, is independent of &, u(x,t). Now, let’s consider the function EZ( )DC (

-T<t<-2n, ¢ (I)El, - <t<T.Since 0<¢, (t)sland{l(t)+g‘2 (t)El, then taking(ﬂg(x,t)=g‘2 (t)ug (x,

see that the functions @ (x,t) satisfy the equation

L@ =& (0) £ (x.0) + 26 (1) & () u () + K (0 & (1) w,

,T) such that &, (¢) =0 for
t) . It is easy to

(4.9)

®, (x1) -

Hence include that the functions @, (x,t),®,, (x,) are uniformly bounded with respect to £ in the space L, (D+) .

Therefore, we can take finite difference

_@(x,t+h)-g (x1)

eh T

It is easy to see that the function ¢ (x,¢) satisfy the equations

Lo (@) = & (1) £+ 267 () & (), + K OF (1),

h

=0, (x,t)

Using the results on smoothness of the solution of problem ((4.2), (4.3)) and a priori estimates (4.6), (4.7) and passing to

limit as 2 — 0 in the obtained inequalities

||¢sh "LZ(D j ( T +

D*

R AT N T

and establishing relation between the functions f,(x,t) and @,(x,t) we get

||fi "LZ(D*) +||<fil "1,_,(0*) 2 m9 [ J‘ [uf‘u +|k2 _£|Zlu§1x, +u§l +|k2 _£|;u§x, +M§]dD+, Dus (xa t) D C£ (D+)j

Dt

From the representations of function @(x,t) and from

equation (4.2) by standard estimation method, we get
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|k2 —£|iuml L UL (D+). Hence, by standard compactness
i=1

method we can conclude thatu(x,t) is generalized solution

of problem ((2.5), (2.7)) and belongs to the space H, , (D+)

and at the same time satisfy the equation (2.5) and condition
(2.7) almost everywhere. In a similar way, repeating all the

steps carried out for the domain D for D~ also we can
establish that problem ((2.5), (2.8)) has a generalized solution

and belongs to the space H, ; (D') .

5. Main Result of Existence and
Uniqueness Strong (Regular) Solution
of Problems ((2.5), (2.7)) ((2.5), (2.8))

Definition5.1. (following [1],[4],[10]) The
u(x,t)0H,, (D+) (u(x,t)l]Hl’L (D')) is said to be a
strong solution of boundary value problem (10), (11) ((12),
(13)), if there exists a sequences of functions
{u,}OC; (D*) ({um} ac, (D’ )) such that equality

function

,11152 "Ll (un ) _fi (x’t)||L2(D*) = 51% "un _u"Hl_L(D*) = 0 >
is fulfilled in the domain D~ as well if instead of the domain
taken D" .

The following theorem on the existence of strong solution
holds.

Theorem 5.1. Assume that the conditions of Lemma 2.1
hold. If

‘k2x, k2x/

<M, |k, (x)], ij=L..n,

2, = | (1) =<0, (x1)OD

are satisfied s function

AHOL, (D+) (f1 oL, (D')) there exists a unique strong

then for any

solution of boundary value problem (2.5), (2.7) from the

space H |, (D+) (for the problem (2.5), (2.8) from H, , (D') ).

Proof. From these Theorem 3.1, Theorem 4.1, Theorem4.2
there exists u”(x,z) solution of problem ((2.5), (2.7)),

u (x,t) solution of problem ((2.5), (2.8)) in the domains

D" and D™, respectively, and belonging respectively to the
spaces M, (D+) and H,, (D‘). Then by the construction

of such spaces there exists sequences {un}IZICL (D+)

({un} ac, (D‘)) such that

Hy (D7) B

=lim|ju —u_”
Hy (D) nooll "

lim ”u; -u’

n-— oo

From the obvious inequality

+

n(er)’ e

> m“Ll (u;)

Hy (DY)

> m“Ll (u;)

" Hy 1 (D7)

()
it follows that {£, (u’ )} = /" in L,(D"), for n - e .
{Ll (u;)} - f,in L,(D"), for n - oo .. Thus, suppose that

frOL, (D+), £ OL, (D'), then regular solutions u" and
u~ are strong solution. We are constructing the sequences of
functions £, OW, (D*) . f, 0, (D7) such that
{ry =i Loy . {f}-f in Ln), for

n - o Then for the functions f;" and f~ there exists

strong solution problem of ((2.5), (2.7)) and ((2.9),
(2.8))from the space H,, (D+) and H,, (D‘) respectively.

So, by inequality of Lemma 2.1 we have

| 1

Hence, we can include that u, - u" in H, (D+) ,

+
Sun

2 mf|

L(p*) . (0)’ |

L(p7)

m(p7)”

u, »u in H, (D‘), for n - o and these functions are

n

strong of problem ((5), (7)) and((5), (8)) respectively.

6. The Solvability of Problem ((2.5), (2.2))

Theorem 6.1. (Gluing solutions in the spaces) Assume that
W' OH, (D) . w OH, (D7) .i=12holdthen the

constructed function
6.1)

will also be from the class u(x,t) O H,, (D), i=12.

Proof. The Theorem6.1 proved exactly and similarly way
to the Remark6.1 (e .g. [22]) .

Thus, we have the proof of the following theorem
accordance essentially a combination of the proof of
Theorems 3.1, 4.1, 4.2 and Lemmas 2.1, 4.1, 4.2 and
Theorem 6.1.

Now, we can proof the main theorem of solvability of
problem ((2.5), (2.2)).

Theorem6.2. (On the solvability of problem ((5), (2)))
Assume that the conditions of Lemma2.1, Lemma4.1 and
Theorems 3.1, 4.1, 4.2, 5.1 are satisfied, then for any

functions f,, f,, 0L, (D) there exists a unique generalized

solution of problem ((2.5), (2.2)) from the space H, , (D) .
Proof. Since on the base of Theorem 4.1, Theorem 4.2 and
Theorem 5.1 there exists a unique solution u* (x,t) ,

u” (x,¢) of problems ((2.5), (2.7)) and ((2.5), (2.8))from the
space H,, (D+) and H,, (D') respectively. Then function

u(x,t) which is constructed by formula (6.1) will also be
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from the class u(x,t)DHz,L (D) and at the same time is
generalized solution of equation (2.5), moreover, the
functions u” (x,t) and u~ (x,t) is strong generalized solution
of problem ((2.5), (2.2)).Consequently, it means that the
strong and weak solutions of corresponding problems are
identity (e.g. [1],[10]). It follows that the problem ((2.5),
(2.2)) is solvability. The uniqueness of problem ((2.5), (2.2))
follows by means of inequality of Lemma 2.1. That is proof
of Theorem 3.1. Analogically, the existence strong solution of

problem ((2.5), (2.2)) from the space H, ; (D) can be proved.

7. On the Solvability of Problem ((2.1)-
(2.3))

For proving the solvability of problem ((2.1)-(2.3)) we use
the method of “continuation by parameter”. It holds.

Theorem 7.1. (on the solvability problem of (2.6), (2.3))
Assume that the conditions

20, (x,0)= Y ay (x,0)=by(x,1) <=3 <0, (x,£)0OD, (7.1)
i=1

‘a.(z) ()c,t)‘2 <M, |k2 (x)|

il

(7.2)

holds, then for any functions of f,(x,¢),f,, (x,£)0L, (D)
there exists unique solution of problem ((2.6), (2.3)) in the
space H,, (D) . (in case , instead of condition of (7.2),

replaced smallest of coefficient ‘al(f) (x,t)‘ ,then there exists

unique solution of problem ((2.6), (2.3)) in space Wz2 (D) ).
Proof. By virtue of (7.1)  and
2b,, —|k(2)| < -0 <0 the operator

1t

condition

L) =k®(t)u, —Du+ iafj)ux’ +b,,U, +c,,U
i=1
is coercive. Since the coefficient of k'”(¢) is sign fixed
(according to [4]), then there exists unique solution of
problem ((2.6), (2.3)) in space ¥, (D) . If u(x,t) OW, (D)
then, (accordance to [15]) any solution of problem ((2.6),
(2.3)) will be element of space sz (D) .
repeating all the steps carried out for the solution
u(x,n)0H,, (D) and also we can establish that problem
((2.6), (2.3)) has generalized solution if the condition (7.1) is

satisfied. Therefore the theorem 7.1 is proved. Now we must
prove solvability of problem ((2.1)-(2.3)). Let

Analogically,

Mu=Kuy+Y Aus +Bu,+Cu, Nu= Pu, +Qu: +Ru

i=1 i=1

M M b, 0
whereK=[k1 ?2)], A[=(a’l ?2)], B=[ ! ],
0 K 0 qf 0 b,

= A+, 0 p= 0 ag) 0= 0 b,
0 Atey)  \a® 0 )% b, o)

0 ¢, = (u) =_(A4
e S 7=0)

Then the system equations (1) can be written in the form:

R

Lu=Mu+Nu=f . (1.3)

Theorem?7.2. Assume that the conditions of Lemmas 2.1,
4.1, 4.2 and Theorems 3.1, 4.1, 4.2, 5.1, 6.1, 6.2 7.1

fl’fzﬂfirfzrDLZ(D) > fz(xa_T):() P

2
<M |k2 (x)| are fulfilled, then there exists a unique

moreover

0

ai2

solution of problem (2.1)-(2.3) in space H, , (D) . In case of
ag) is smallest then there exists a unique solution of
problem ((2.1)-(2.3)) from the space #,, (o) nw,’ ) .
Proof. Multiply the equation (7.3), by the vector
n =(a’ut,—U) in domain p_ after integration by parts and

using the Cauchy inequality, allowing for boundary condition
(by analogically action to the Lemma2.1) we get the
following estimates

HLE

Now, let H,, - is the space of vector function &)= (9.8)

(7.4)

= m“u‘

= m”u‘
L,(D)

orH
L, (D) H, (D) H, , (D)W, (D)

such that ¢,4,.¢ DLz(D) and ¢(x,—7)=0.The norm of
space H,; is defined by [, =|a, +lal,

From the results of the theorems 6.1, 7.1 it follows the
following a prior estimates

-

where m, m, , m, constant are not dependent from ;(x, t).It

(7.5)

< my “Mu

<m, “Mu

orl]
H, (D) 1,0 H, , (D)(W3(D) 1,0

remains to show that, analogical estimates(7.4), (7.5) are also
have to for operator Lu .

Mu=Lu—- Nu, then

z ) or
1,0

are valid. Now, we consider the
Lu=Mu+TNu where 0<7<l
following a prior estimate is uniformly bounded respect to

of T Hu“ <my||Lu
H, (D)

independent from parameter 7 and ;(x,t). Other side for

Indeed, we may rewrite

)

set of equations:

u

<my (HL;

+HNu
1,0

<m, (HL;

+HNu
1,0

H,, (D) Hy , (D)W3 (D)

Obviously, the

parameter where m,

1,0

=0 we have Lyu =M u . In this case were considered

problem is solvable. Notice that if 7 =1 then L, =L .Then as

well as known method of continuation by parameter (for
example, see [15],etc.) with the standard approaches the
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solvability of problem (2.1) ,(2.3) ,(2.4) can be proved.

Lu=K,(t)u, +K,(x)u_ +a(xt)u, +b(x,t)u, +c(x,t)u+ |u|p u=f(x,1t)

Author suggests the open problem (7.6), (7.7):

(7.6)

tK, (¢)>0,t 2 0,t0(-11), xK, (x) <0,x 2 0,x0(a, B),a <0,3>0,p> -1,

the coefficients of equation (7.6) are sufficiently smooth .
The boundary value problem. Find the solution of equation

(7.6) in domain D ={a Sx<f,-1<¢< 1} , satisfying the

conditions:

u

v=a = 05U | =g =0,u| =0,u|

1==1,x>0 (=1x<0 — 0. (7.7)

8. Conclusion

The solvability of the boundary value problem for linear
systems of the mixed hyperbolic-elliptic type in the
multivariate domain with the changing time direction are
studied. The existence and uniqueness of generalized and
regular solutions of a boundary value problem are established
in a weighted Sobolev space. In this case applying idea of
result works (e.g., [1], [10],[22]) , and Theorem 6.1,6.2, 7.1,
7.2 prove that weak and strong solutions of the boundary
value problem for linear systems equations of the mixed
hyperbolic-elliptic type in the multivariate domain with the
changing time direction are identity. .
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