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Abstract: Quotient ring sequences are completely new orthogonal sets without coders and decoders to the moment but
Walsh sequences of the order 2, k positive integer, and M-Sequences with zero sequence form additive groups, Except the zero
sequences, Walsh sequences, and M-Sequences formed orthogonal sets and used widely in the forward links and inverse links
of communication channels for mixing and sifting information as in the systems CDMA and other channels. The current paper
studied the orthogonal sets (which are also with the corresponding null sequence additive groups) generated through compose
quotient ring sequences with self, Compose quotient ring sequences with the best and very important sequences Walsh
sequences and M-sequences and by inverse for getting these new orthogonal sets or sequences with longer lengths and longer
minimum distances in order to increase the confidentiality of information and increase the possibility of correcting mistakes in

the communication channels.

Keywords: Quotient ring Sequences, Walsh Sequences, M-sequences, Coefficient of Correlation, Code,

Orthogonal Sequences, Additive group, Span

1. Introduction
1.1. Orthogonal Quotient Ring Sequences

We can get from the

Multiplication table of quotient rings me =Z/(p"2)

quotient ring sequences

where Z is the Integers and p is a prime number, deleting the
rows which have index multiple of p, replacing each event
number by “0” and each odd number by “1”, and choosing
one of the subsets of binary rows which each row in it

contains (p” +1)/2 of “0.8’ and (p™ —1)/2 of “1.s” (Length
each row is p™) and each subset has, without zero row, a
. o o (m+1
biggest orthogonal span (its size is u, where © = Z . ).
i
i=1
These biggest orthogonal
Q=1{q,.95,.-.49,} ,with zero row ¢y =1, forms an additive

span, we say,

m

subgroup in the vector space 5(»") . The number of these

m _ _m-1
subsets is at most [p P J .[1,2]
m+1

For p =2 we get Walsh sequences. [3]
1.2. Walsh Sequence

Walsh sequences are binary sets with 2° of rows (or
sequences), except the zero row, each set is orthogonal, the
length of each row is 2" and contains 2*' of “0.s” and the
same number of “1.s”, and forms an additive group with the
zero row where the addition performed by mod 2, also they
are known under the name Walsh functions.

The Walsh functions can be generated by any of the
following methods:

(1) Using Rademacher functions.

(2) Using Hadamard matrices. [4]

(3) Exploiting the symmetry properties of Walsh functions.
[5]:

(4) Using division ring under 2¥ addition. [6, 7]

1.3. Binary M-Sequences: M- Linear Recurring Sequences

Let k£ be a positive integer and A ,Ay,A,...,A,_ are
elements in the field F, then the sequence z,,z,...is called
non homogeneous linear recurring sequence of order £ iff:
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Zyak = Mec1Zpsia Y AaZpipn +oe

+/102n +A, Al‘ DFz N i :0,1,...,k _1;

k=1 (D
or z,., = Z)Iiznﬂ- +A
i=0

The elements z,,z;,...,Z;—; are called the initial values (or
the vector (2y,2),..-,Z;—;) is called the initial vector).
If A =0then the sequence z,z,... is called homogeneous

linear recurring sequence (H. L. R. S.), except the zero initial
vector, and the polynomial

F)=x + A+ Ax+ ), )

Is called the characteristic polynomial. In this study, we
are limited to A, =1. [8, 9].

Orthogonal quotient rings sequences are good and important
sequences absolutely new, published one month ago, linear,
suitable and sufficient lengths and minimum distances, to this
moment there is no coders and decoders for them.

Thus, sequence generated showed increased secrecy and
increased possibility of correcting error in communication
channel because it exhibited bigger length and the bigger
minimum distance.

2. Research Method and Materials

Definition 1.The Ultimately Periodic Sequence z,,z,....
with the smallest period r is called a periodic iff:

z

=z,n=0,1,... [10] 3)

n+r

Definition 2. The complement of the binary vector
X =(x,%,,...,x,) is the vector

X =(x,%,0.X,) 4)
When;
— (1 if x,=0
X, = f ! L [11] %)
0 if x =1
Definition 3. Suppose  x =(xy,X,...,%,;) and

¥ =g>Y15--»¥n—1) are vectors of length n on GF(2) =

F, = {0,1}. The coefficient of correlations function of x
and y,
Denoted by R, ,, is:

n-1
Ry =D (<D™ [12] (©6)

i=0

Definition 4. Any Periodic Sequence z,,z,.... over F,

with prime characteristic polynomial is an orthogonal cyclic
code and ideal auto correlation. [13,14]

Definition 5. Suppose G is a set of binary vectors of length
n:

G ={ XX = (%0, Xpses Xy ) X; OFy,i = {0,.,n =13} (7)

Let 1'=-1 and 0" =1. The set G is said to be orthogonal if
the following two conditions are satisfied:

[IXDG,nZ_IxFD{—l,O,l} or |R| <1 (8)
i=0
O0X,YOGand X 27, SxFyFD{—I,O,I}, or..|R,|<1 (9)
i=0

That is, the absolute value of "the number of agreements
minus the number of disagreements" is equal to or less than
1. [15]

Definition 6. Hamming distance d(x,y) : The Hamming
distance between the binary vectors x = (x,,...,x,_;) and

Y =>V1>--»Vn—1) 1s the number of the disagreements of

the corresponding components of x and y. [16]
Definition 7. If C is a set of binary sequences and @ is

any binary vector then C(@) ={xl~(a)):xi DC} We replace
each “1”in x; by @ and each “0” inx; by @ .

Corollary 1. If in the binary vector x: the number of “1.s”” and
the number of “0.s” are my and m, respectively, and in the
Binary vector W the number of’1.s” and the number of “0.s”
are 1 and 7, respectively then in the binary vector x(w) .

The number of ”1.s” and the number of “0.s” are
myn; +m,n, and mn, +m,n, respectively. [17]

Theorem?.

If ay,q,.... is a homogeneous linear recurring sequence of
order k in F,, satisfies (1) then this sequence is periodic.

If the characteristic polynomial f(x) of the sequence is
primitive then the period of the Sequence is 2% ~1, and this
sequence is called M—sequence and each of these sequences
contains 2°7' of “17s and 271 =1 of “0”s. [18, 19]

3. Results and Discussions (Findings)

3.1. Compose Quotient Ring Sequences with Other
Quotient Ring Sequences

Suppose O ={4,95,--.4, } and O, =1{¢;,45,...,q,, } are
two orthogonal quotient rings sequences generated from
binary representation of Zp,,,,Zp,, respectively, then in

1 2

0} (Qz) :
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Table 1. The numbers of “1.s” and “0.s” in each sequence of Q| and Q> .

9 o
Number of “1.s” Number of “0.s” Number of “1.s” Number of “0.s”
-1 it +1 p5 -1 ph+1
2 2 2 2

A) For q}c UQ, we define the set:
4 =0 (‘Ik) =1{a; =gq; (q}{), q; 00} then:

(1) The number of “1.5” in a; is:

pi' =L\ p =1 [ p"+1[ pi 41 _pi'py +1
2 2 2 2 2

2) The  number of  “0.8” in a

oL\ o+l [+l =1 _pips -]
2 2 2 2 2

(3) The difference between the number of “1“s and the
number of “0%s is one

b) For aiaaj DAkal’ld iij,a[ +aj :q,((]}c)"'q](CI}c)

is:

anda; +a; # (¢, +q,)(q;)
a;+a; = (g, +,)(11..0) , 5 # (4% 4,

p -1

(4) The number of “1.s” in a; +a; is (p3), the

m
- *l

(P2)
(5) The difference between the number of “0.s” and the
number of “1.s” is p)

. %
number of “0.s” ing; +a; is

Thus, 4, is not an orthogonal set and O, (Qz) are not
orthogonal sets.
¢) By symmetric property O, (Ql) are not orthogonal sets.

d) By the same way for ¢;,q; Qjand i # j, then ¢;,q;
satisfies the first orthogonal but:
4i(9:)+4;(q) = (@ +7;)(00..0) , and

condition

! . "+
(6) The number of “0”s in q;(g,)+q;(q)) is P12 (p%)

m
\ , -1
The number of “1”s ing,(g, ) +¢;(q; ) is _p12 (p3)

(7) The difference between the number of “0.s” and the
number of “1.s” is p5 . Thus, Ql (Qz) are not orthogonal sets

also él (Qz) , O (éz) , and Ql (Qz) are not orthogonal sets.
e) If we redefine the addition on 4, =Q, (q}( ) as following:
For a;,a; 04, a;0a; = (g +qj)(q}€) then the number of

m n +1
“l.s” in g;Ua; is &, the number of “0.s” is
p'p; -1 .
————— , and the difference between the number of
“l.s*“ and the number of “0.s“ is one in this cause

(0,(Q,),0)and O,(Q,),0) are orthogonal sets.
f) Extending Q,, O, to Ql , Q~2 respectively by adding “1”
or “0”to the end (or starting) of each sequence in Q,, O,,

then Ql (él'), él (éi),er (c_]l) are not orthogonal sets.

3.2. Compose Quotient Ring Sequences with Walsh
Sequences and Increase

3.2.1. Compose Quotient Ring Sequences with Walsh
Sequences
Suppose O =1{q,,¢,,....q, } is an orthogonal quotient ring

sequences generated from binary representation of me and

W={w1,w2,...,w2”_1} is a Walsh sequences of order 2"

without zero sequences w, sequences, then in g(w).

Table 2. The numbers of “1.s” and “0.s” in each sequence of Q and W.

0 w
Number of “1.s” Number of “0.s” Number of “1.s” Number of “0.s”
Pm -1 pm +1 2n—l 2n—1
2 2
a) For  w,OW we define the set p" -1 (2”_1)+ p"+1 (2n_1) g
B, :Q(wk) ={b, =q; (wk), g; 00} then: 2 2
(1) The number of “ls” in b s (3) The difference between the number of “1.s” and the
m m ber of “0.s* is zero
P" =\ (yumt [ 2"+ (nmt) it fum
(TJP 1)"{7}(2 1)—2 'p b) For b;,b; OBy and i ,
(2) The number of “0.s” in b s b +b; = ()W) +(q;)(w;) =(g; +q;)(A1...1),, and  the
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difference between the number of “1.s” and the number of
“0.s71is 2".
Thus B, is not orthogonal set and (Q)(W) are not

orthogonal sets.
c) if redefining on Q(W) the operation [J as following for

b,b;UBand i # j, b, Ub; =(g; +q;)(w,) in this cause.
The number of “l.s” and the number of “0.s” in I;iis
2" p™ | the difference between them is zero.
The number of “l.s” in b, 0b; is 2" p™ the number of
“0.5”in b; 0b; is 2" p"

The difference between the number of “l.s“and the

number of “0.s* in b; and b, L b; is zero.
Thus (B,,0) is an orthogonal set and Q(W),00) are

orthogonal sets.

3.2.2. Compose Walsh Sequences with Quotient Ring
Sequence
Suppose O =1{q,,¢,,....q, } is an orthogonal quotient ring

sequences generated from binary representation of me and

W={w1,w2,...,w2,,_1} is a Walsh sequences of order 2"

without zero sequences wy sequences, then in W(Q)

Table 3. The numbers of “1.s” and “0.s” in each sequence of W and Q

4 0
Number of “1.s” Number of “0.s” Number of “1.s” Number of “0.s”
2! 2l @"-1)2 @12
a) For 9,00 we define the set (Z?k, 0) is an orthogonal set, and (W(Q),) are orthogonal

]}k = W(qk) = {1;1 =w (qk), w; OW} then

* The number of “l.s” and the number of “0.s” in l;l is
2" p™ | the difference between them is zero.
b,b, 0B,

For and

b +b; = (W)@ +(w))(@p) = 0w+ w))(AL.) , , the

number of “l.s” and the number of “0.s” in l;l-+l;j is

ij

2" p™  and the difference between the number of “1.s” and
the number of “0.s” is zero.

Thus Z?k is an orthogonal set and W(Q) are orthogonal
sets.

b) If redefining on W (Q) the operation [1 as following for
b,b, 0B and i # j, b, 0b; =(w, +w,)(q;) in this case.

In 51 O I;j, the number of “1.s” is 2"~ p™, the number of

“0.s” is 2" p™ , the difference between them is zero,

sets.

3.3. Compose Quotient Ring Sequences and M-Sequences
and Inverse

3.3.1. Compose Quotient Ring Sequences and M-Sequences
Suppose O =1{q,,¢,,---.q, } is an orthogonal quotient ring

sequences generated from binary representation of Zp,,, and

a; is a non zero M-Sequence generated by the non

homogeneous linear recurring sequence (1) of order n with
the prime characteristic polynomial.

F@)=x"+A_ X"+ Ax+ A
And the set 4 :{ai.i: L2,..,2" —l} of all cyclic shift of

the sequence g, and the set 4 form with the zero sequence an

additive group, then in Q(A) .

Table 4. The numbers of “1.s” and “0.s” in each sequence of Q and A.

0 A
Number of “1.s” Number of “0.s” Number of “1.s” Number of “0.s”
Pm_l pm+1 2n—l 2n—1_1
2 2
a) For a, 04 we define the set 2) The number of “0.s” in ¢ s
G :Q(“k) ={c; :qz‘(“k),% HQ} then. p" -1 (2,,_1 _1)+ p"+1 (2,,_1) [ 2"p" =-p" +1
(1) The number of  “ls” in ¢ s 2 2 2

(#J(zn_l){#yzﬁ 1) = [%j .

(3) The difference between the number of “0.s* and the
number of “1.s“ is one

(4) For ¢;,c; OCpand i # j, ¢;+c; =(q; +q;)(11...1),_,
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the number of “1.s” in ¢; +¢; is;

@' -Hp" -
2
@' D" +1
2

“0.s” and the number of “1.s” is 2" —1.

Thus C, is not orthogonal set and (Q(A4) are not
orthogonal sets.

b) Redefining on Q(A) the operation U as following for

, the number of “0.8” in ¢ +¢; is

, and the difference between the number of

¢,¢;UCcand i2j, ¢;Uc; =(gq;+q;) @), in ¢;Uc; the
2f’lpm _pm_l
2

number of “l1.s” is , the number of “0.s” is

2
“0.s and the number of “1.s* is one.

Thus (C;,0) is an orthogonal set and (Q(4),0) are
orthogonal sets.

, and the difference between the number of

3.3.2. Compose M-Sequences and Quotient Ring Sequences and Finding A (Q)

Table 5. The numbers of “l.s” and “0.s” in each sequence of A and Q .

A 0
Number of “1.s” Number of “0.s” Number of “1.s” Number of “0.s”
o1 on=l_| @"-1)/2 @"1)/2
a) For 7 U0 we define the set Thus ék is not orthogonal set and A(Q) are not
C, = A(qk) ={¢; =aq (qk), a; J A} then. orthogonal sets.
2 = ] ¢) Redefining on A(Q) the operation [1 as following for
(1) The number of “1.s” in ¢; is [fJ , the g,0Qand i%j, ¢ ng = (g +aj)(qk) , in & Ijéj the
21 M _ i
number of “0.5” in ¢, is (2”17'” —2p’” +1j ' number of “1.s” is %, the number of “0.s” is
2n pm _pm +1 )
(2) The difference between the number of “0.s” and the - and the difference between the number of

number of “1.s” is one
b) For Ei,éj OC,and i#j, ¢ +Ej =(q +aj)(11...1)pm ,
in ¢; +¢; the number of “1.s” is

2" p™ | the number of “0.s” is (2" =1)p™, and the
difference between the number of “1.s” and the number of

“0.s“and the number of “1.s is one.
Thus (ék,D) is an orthogonal set and A(Q),0) are

orthogonal sets.
Example 1. For p =5, Table 1. Contains the multiplication

on Zs and their binary representation.

“0.s”is p™.
Table 6. .Multiplication on Zs and their binary representation.
ks 0 1 2 3 4 & 0 1 2 4
RO 0 0 0 0 0 0 I 0 0 0 0 0
R1 1 0 1 2 3 4 i 1 0 1 0 1 0
=
R2 2 0 2 4 1 3 r 2 0 0 0 1 1
R3 3 0 3 1 4 2 ) 3 0 1 1 0 0
R4 4 0 4 3 2 1 7 4 0 0 1 0 1
+1 5-1 orthogonal set, where ¢; =(01010), g, =(00011),

Each of 5 and r, contains 3 =570f “0.s” and 2 =%
of “1.s” and 7 +7, contains also 3 of “0.s” and 2 of “1.s”,
but y +7, = +=1[0 1 1 1 1], where “+” is the ordinary
addition and performed by mod 2, span{r,r, }, without

=4, is Q={q =h.9, =r,q3 =1, tr, } is a biggest

g3 =(01001), and Span{n.n} = {4y, ¢-9>,493} is a
subgroup in the binary vector space of order 2° for addition
and ¢, =(00011), g; =(01001), and Span{ n,»n} = {9,
41,9, ,93 } is a subgroup in the binary vector space of order
2’ for addition and.
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Table 7. Span {rr; } without q,= ry.

q 0 1 0 1 0
2 0 0 0 1 1
a3 0 1 0 0 1

Example 2. For p =3, Table 2 showing binary representation of Z.,

Table 8. Binary Representation of Z3z .

* 0 1 2 3 4 5 6 8
7 0 0 0 0 0 0 0 0 0
n 1 0 1 0 1 0 1 0 1 0
” 2 0 0 0 0 0 1 1 1 1
" 3 0 1 0 0 1 0 0 1 0
% 4 0 0 0 1 1 0 0 1 1
P 5 0 1 1 0 0 1 1 0 0
% 6 0 0 1 0 0 1 0 0 1

, 7 0 1 1 1 1 0 0 0 0

: 8 0 0 1 0 1 0 1 0 1

We can see that Span{ rl', r2', n;}: {r1', r2', n;, r1'+ rzl, r1'+ n;, r2'+ n;} is a maximum closed orthogonal set contained in
Thus O, =1{q),qn.Grsdasds.qy) Where g =7 =(010101010) , g, =r =(000001111) , gy =r =(000110011) ,
¢, =(010100101), g5 =(010011001), g, =(000111100) .

a) Finding O, (¢;) , where ¢, =(010101010), q_i =(101010101).

Table 9. Compose Q; with q; from Q.

ql(qi) 101010101 010101010 101010101 010101010 101010101
qz(qi) 101010101 101010101 101010101 010101010 010101010
q3(qi) 101010101 010101010 101010101 101010101 010101010
a+ay = q1(q) *+ g2(a1} 000000000 1111 000000000 000000000 111111111
Thus p, =5, m =1, p, =3, m, =2 and. orthogonal set or O,(Q,) are not orthogonal sets.

p'ps +1 _ 5(3%)+1 =23 of “1.s”, and b) If we redefine the addition on 4, =Q,(g; ) as following,

2 For a;,a; U4, , a;Ua; = (q; +q,;)(q;) then, the number of

Each row contains

m_n 2
p1p2_ _5(3 )_1_ 113 bRl m "+
> 2 =22 0f 0.5 “l.s” in @;0a; is %21, the number of “0.s” is
The difference between the number of “l1.s” and the o
number of “0.s is one but ¢,(¢q,) + g,(g,) contains 18 of %2_1 and the difference between the number of
“0.s”, 27 of “0.s” and the difference between the number of

“0.s” and the number of “1.s” is 32 _g and 4, =0, (g, ) not

“1.s*“ and the number of “0°s is one.

Table 10. Compose q; and q; from Q, .

a Oay = (g +42)a@1) = 43(q1) 101010101 010101010 101010101 101010101 010101010

aUa, Contains 23 of “ls”, 22 of “0.s7 thus, 4 =Q1(‘I}c) is an orthogonal set and Q,(Q,) with the
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operation [J in this case are orthogonal sets.
¢) Also ¢;(q;) +q,(g;) is not orthogonal set, For example,

calculate ¢,(q,)+g,(q,) we have.

Table 11. Complements of q; and g, from Q,.

q1 1 0
q92 1 1

1 0 1
1 0 0

Table 12. Span’{ qi(q1) . @2(q1) -

e 010101010 101010101 010101010 101010101 011010101
Ba) 010101010 010101010 010101010 101010101 101010101
2@+ (@) 000000000 111111111 000000000 000000000 111111111

Thus, 5_11(511) + 52(511) = (¢ +q,)(111111111) and Q(%)
is not orthogonal set or Ql (O, ) are not orthogonal sets.
d) Extending O, O, to Q , Q2 respectively by adding “1” for example:

Table 13. Extending q; and q, from Q,.

or “0”to the end (or starting) of each sequence inQ,, 0, ,

then 0y(¢,).0,(d).0,(4,)+0,(g,) are not orthogonal sets,

q 0 1 0 1 0 0
) 0 0 0 1 1 0

Table 14. Span™{ i(q1"). Go(q1") }-
a(q" 101010101 010101010 101010101 010101010 101010101 101010101
(a1 101010101 101010101 101010101 010101010 010101010 101010101
A+ a2(a1") 000000000 111111111 000000000 000000000 111111111 000000000

Thus, ¢i(¢,) + ¢2(¢,) = (g *+¢,)(000000000) and
Q1 (g,) is not orthogonal set or Q1 (O, ) are not orthogonal sets.

Example 3. The following table showing Walsh sequences
of order g _ 53 without null sequence.

Table 15. Walsh Sequences of order 8=2*

Suppose Q is as in examplel, W is a set of Walsh
Sequences of order 2",

a) Compose @  with W or QW) and
B, =0(w,)=1b,=¢;(w),¢;00} , (for example
Q(sz ) and B, ) then.

m

The number of “1.s” of each b;is 2"~ p™, (in the example

w =00001111
w =00001111
w =00001111
wy=01100110
ws=01101001
wg=01011010
w; =01010101

= 22(5)=20).
The number of “0.s” of each b, is 2"7'p™, (in the

example = 2%(5) =20).
The difference between the number of “l.s” and the

number of “0.s” is zero. For wy = (01010101), w, =
(10101010).

Table 16. Compose Q; with w; from W.

a(wm) 10101010 01010101
72(m) 10101010 10101010
q3(m) 10101010 01010101
ai(w) +q2(wp) 00000000 11111111

10101010 01010101 10101010
10101010 01010101 01010101
10101010 10101010 01010101
00000000 00000000 11111111

Thus, ¢,(w)) LD (w,) contains 16 of “1.s” and 24 of “0.s”

and the difference between the number of “l1.s” and the

number of “0.s” is 2" =2° =8, and OW,s) or Q(W) are not

orthogonal sets.
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Redefining on Q(W) the operation U as following for  (inthe example b U b, = (g, +¢,)(w) = g3(w,) ) and.
b,b;UBy and i#j as b Ub; =(g; +q;)(w;) in this case
Table 17. Compose q;+q> = q; with w, from W.

g Ugr =q3(w) 10101010 01010101 10101010 10101010 01010101

The number of “1”s in b; b, is 2"t pm , (In the example =20)
The number of “0”s in b; 1 b; is. 2 pm , (In the example =20)
The difference between the number of “1.s” and the number of “0.s” in b; and b; L b, is zero.

Thus B, is an orthogonal set and (Q)(W) are orthogonal sets.

Example 4. Compose Walsh sequences with quotient ring sequences.

a) Compose W with O or W(Q) and Bk =W (qk) = {l;l- =w;(q;), w; UW} (for example W (Q) and Z~31 ) then.
The number of “1.s” of each &, is 2" p™, (in the example = 2%(5) =20).

The number of “0.s” of each &, is 2"~ p™, (in the example = 2%(5) =20).

The difference between the number of “1.s” and the number of “0.s” is zero, ¢, =(01010), ¢, =(10101) and.

Table 18. Compose W with q, from Q,.

wi(q) 10101 10101 10101 10101 01010 01010 01010 01010
w(q1) 10101 10101 01010 01010 01010 01010 10101 10101
w3(q1) 10101 10101 01010 01010 10101 10101 01010 01010
wa(q1) 10101 01010 01010 10101 10101 01010 01010 10101
ws(q1) 10101 01010 01010 10101 01010 10101 10101 01010
we(q1) 10101 01010 10101 01010 01010 10101 01010 10101
wr(q1) 10101 01010 10101 01010 10101 01010 10101 01010
wi(q1) + walqr) = ws(q1) 00000 00000 11111 11111 00000 00000 11111 11111
For i # j inl;l- +b ;> the number of “1.s” and the number of b) Redefining on W(Q) the operation O as following for

“0.s” is 2" p™ =20, and the difference between the number bN;aij OB, and i#; as b0 5,' =(w; +w;)(q;) in this case

of “1.8” anii the number of “0.s” is zero. (in the example b 0 b, =(w; +w,)(q,) = ws(q))).
Thus (B,,+) is an orthogonal set and (W(Q),*) are

orthogonal sets.

Table 19. Compose w; + w, = wjs from W with q, from Q; .

by Oby =wy(q) 10101 10101 01010 01010 10101 10101 01010 01010

(4) The number of “l.s” in l;iDl;j is 2”_1p”’, (In sequence.
example =20)
173 CTI r~ r~ . -1
(5) The number of 0.5 in b Lb; is 27 p" , (In With the characteristic equation x*>+x+1=0 and the
example =20)- characteristic ~ polynomial  f ()c):x2 +x+1 the set

(6) The difference between the number of “I.s” and the :{al’az’%} where @, = (101), a,=(110), a; =(011), and

number of “0.s™ in b;and b; [l b, is zero, the first two digits in each sequence are the initial position of
Thus ]}k is an orthogonal set and W(Q) are orthogonal the feedback register, and the set A4 is an orthogonal set.
sets.
Example 5. Given Q ={q,,9,,q;} orthogonal quotient ring

Zp+2 = Zp+l +Zn Of Z,4p = Zp4y +Zn

Table 20. A = M-Sequences of order 3.

sequences generated from binary representation of Z (as in a 1 0 1
the examplel., p = 5 and m = 1) and g, is a non zero M- “ : : g
as 0 1 1

Sequence generated by the non homogeneous linear recurring
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Compos O and 4 or finding O(4) a; =(101), a_1 =(010)
Table 21. Elements Q; .

a1 0 1 0 1 0
2 0 0 0 1 1
a3 0 1 0 0 1

Table 22. Compose Q; with a; from A .

q1(ap) 010 101 010 101 010
92(ap) 010 010 010 101 101
q3(a1) 010 101 010 010 101
q1(ap) +qz(a)) = g3(ay) 000 111 000 000 111

a) For a, 0 A we define the set C, = Q(ak) =c, =g, (ak), q; 0O} then.

2" p" = p” —1} 45)-5-1_,

(1) The number of “1.s” in ¢;is ( 5 2

2 2

(3) The difference between the number of “0.s* and the number of “1.s* is one.
b) For ¢;,c; UCyand i # j the ¢; +¢; =(q; +¢;)(111) and the number of “1.s”in ¢; +¢;is

2" =(p" -1 "-D(p"+
% =6 the number of “0.s” in ¢; +c;is W =9 and the difference

between the number of “0.s” and the number of “1.8” is 2" —=1=3.
Thus C, is not orthogonal set and Q(4) are not orthogonal sets.

2)1 m _ m _1 — +
(2) The number of “0.s” in ¢; is ( LA J= 46) =5+l =8

¢) Redefining on Q(4) the operation U as following for ¢;,c; UCyand i # j as ¢; Uc; =(g; +¢;)(a;)in this case (in the
example ¢; ¢, =(q; +¢,)(a)) = q3(a) ) and.

Table 23. Compose q; + q> = q; from Q; with a; from A.

aqUeo =q3(a) 010 101 010 101 010

The number of “1.s” in ¢; U¢; is %, (In example =7)
2" p™" = p" +1
2
The difference between the number of “0.s” and the number of “1.s* in ¢; U ¢; is one.

Thus (C,,00) is an orthogonal set and (Q(A4),00) are orthogonal sets.

d)For C, = A(q,) =& =a;(q; ) a; 0 4}

2'p" —p" ~1]_43)-5-1_,
2 2

The number of “0.s” in ¢; U¢; is , (In example = 8)

(7) The number of “1.5” in ¢; is(

2 2

(9) The difference between the number of “0.s” and the number of “1.s” is one.
e) For ¢;,¢; O0C,and i # j the & +¢; = (g +aj)(11...1)p,,, in ¢; +¢; the number of “1.s” is

2" =D(p" -1 27 -D(p™ +1
% =6 the number of “0.s” is #

number of “1.s” is p™ =3' =3.

oL [ 2"p" =" -1 _4(5)-5+1
(8) The number of “0.s” in cl-ls( L J= 5)=3 =8

=9 and the difference between the number of “0.s” and the
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Thus ék is not orthogonal set and A(Q) are not

orthogonal sets.
f) Redefining on A(Q) the operation U as following for

Ci»C; OC,and i#/ as G Uc; =(a;+a;)(gy) in this case

(in the example ¢, U ¢, =(a; +ay)(q1) = a3(q,))

Table 24. Compose a; + a, = as from A with q, from Q.

a 0é =a3(qr) 10101 01010 01010
_ 5 . 2}1 m _ m _1
The number of “1”s in ¢; Uc; is PP 7 (In
A 2 9
example =7)
_ o 2n m _ m +1
The number of “0”s in ¢ Dc/ is sp r (In
o 2 9

example = 8)
The difference between the number of “0.s” and the
number of “1.s” in ¢; [J ¢; is one.

Thus (ék,D) is an orthogonal set and (A4(Q),0) are
orthogonal sets.

4. Conclusion

Suppose @ is an orthogonal quotient ring obtained from

binary representation of me , W is a Walsh sequences of

order 2", and A4 is a M-Sequences, + is the ordinary addition
mod 2, and U is a special addition mod 2 then

4.1. For Compose Quotient Ring Sequences with Other
Quotient Ring Sequences

The (Q,(0,),+) and (Q,(Q,),+) are not orthogonal sets,
(0,(0,),0) and (O,(Q,),1) are orthogonal sets with the

m __.n +1
length N =p{"p; , minimum distance d :% , not

linear, not cyclic, and dimension k& = m » k > n respectively.

For compose quotient ring sequences with other Walsh’s
Sequences or in inverse

(a) The (Q(W),+) are not orthogonal sets, (Q(W),0) are
orthogonal sets with the length N =2"p"™ | minimum

distance d =2""' p™, not linear, not cyclic, and dimension
k=2m
(b) The (W(Q),+)and (W(Q),0) are orthogonal sets with

the length N =2"p" , minimum distance d =2""' p™, not

linear, not cyclic, and dimension k > .

4.2. For Compose Quotient Ring Sequences with Other M-
Sequences or in Inverse

(c) The (Q(4),+) are not orthogonal sets, (Q(A),0) are

orthogonal sets with the length N =(2" —1)p” , minimum

distance

oMMy ]
d :% , not linear, not cyclic, and dimension

kzm.
(d) The (A(Q),+) are not orthogonal sets, (A(Q),0) are

orthogonal sets with the length N =(2" —=1)p" , minimum

2npm _le _1
2

distance d = , not linear, not cyclic, and

dimension k >n .

Thus, sequence generated showed increased secrecy and
increased possibility of correcting error in communication
channel because it exhibited bigger length and the bigger
minimum distance.

Limitation

This method of compose sequences is useful for only
binary sequences and the addition on the sequences
computed by “mod 2” also used Microsoft Word 2010 and
the Microsoft equation 3.0 for written the math equations.

The method for reading a page which has a block will be
according to the following direction as in figurel.

Column 2

Columnl

B

=

%

Figure 1. Method reading page with block.
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